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STABLE CHARACTERISTIC CLASSES OF SMOOTH
MANIFOLD BUNDLES
RUSTAM SADYKOV
Abstract. Characteristic classes of oriented vector bundles can be identified
with cohomology classes of the disjoint union ⊔BSOn of classifying spaces of
special orthogonal groups SOn with n = 0, 1, . . . . A characteristic class is stable
if it extends to a cohomology class of a homotopy colimit BSO of classifying
spaces BSOn.
Similarly, characteristic classes of smooth oriented manifold bundles with
fibers given by oriented closed smooth manifolds of a fixed dimension d ≥ 0
can be identified with cohomology classes of the disjoint union ⊔BDiffM of
classifying spaces of orientation preserving diffeomorphism groups of oriented
closed manifolds of dimension d. A characteristic class is stable if it extends
to a cohomology class of a homotopy colimit of spaces BDiffM . We show that
each rational stable characteristic class of oriented manifold bundles of even
dimension d is tautological, e.g., if d = 2, then each rational stable characteristic
class is a polynomial in terms of Miller-Morita-Mumford classes.
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1. Introduction
A characteristic class of oriented vector bundles is a function c that assigns
a cohomology class c(ξ) ∈ H∗(X) with coefficients in a field k to each oriented
vector bundle ξ over a topological space X. The function c is required to satisfy
the condition c(f∗ξ) = f∗c(ξ) for each continuous map f : Y → X of topological
spaces. A characteristic class c is said to be stable, if c(ξ ⊕ ε) = c(ξ) for each
oriented vector bundle ξ and a trivial line bundle ε over X.
It is well known that every characteristic class c can be identified with a coho-
mology class of the disjoint union ⊔BSOn of classifying spaces of special orthogonal
groups SOn with n = 0, 1, . . . . A characteristic class c is stable if its components
cn ∈ H
∗(BSOn) are compatible in the sense that c extends to a cohomology class of
the homotopy theoretic union (called homotopy colimit) BSO of classifying spaces
BSOn taken with respect to inclusions
BSO1 −→ BSO2 −→ BSO3 −→ · · · .
In the present paper we introduce and study stable characteristic classes of oriented
manifold bundles. These classes are defined similarly to those of oriented vector
bundles.
An oriented manifold bundle ξ of dimension d over a topological space X is
defined to be a locally trivial fiber bundle E → X with fiber given by an oriented
smooth manifold of dimension d. It is convenient to include in the definition
the assumption that the total space E of the manifold bundle ξ is embedded
into S∞ × X so that the fiber of ξ over a point x ∈ X is an embedded smooth
submanifold of a copy S∞ × {x} of S∞.
A characteristic class c of oriented manifold bundles is a rule that associates a
cohomology class c(ξ) ∈ H∗(X) to each oriented manifold bundle ξ of an arbitrary
but fixed dimension d over a topological space X so that for each continuous map
f : Y → X of base spaces, there is an equality
(1) c(f∗ξ) = f∗c(ξ)
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of cohomology classes in H∗(Y ). In particular c can be identified with a coho-
mology class of the disjoint union ⊔BDiffM of classifying spaces of orientation
preserving diffeomorphism groups of oriented closed manifolds of dimension d.
We are interested in so-called stable characteristic classes of oriented manifold
bundles. These are characteristic classes c ∈ H∗(⊔BDiffM) with components
cM ∈ H
∗(BDiffM) that are compatible in the sense that c extends to an appro-
priately defined homotopy colimit of classifying spaces.
The compatibility condition is motivated by two remarkable facts: a classical
result on characteristic classes of coverings and a recent solution of the standard
Mumford conjecture on characteristic classes of oriented surface bundles.
In the case of (non-oriented) coverings, the diffeomorphism group DiffM of
the fiber coincides with the group Σn of permutations of n points. The disjoint
union of a universal n-sheet covering over BΣn and the one sheet covering over
BΣn form an (n + 1)-sheet covering over BΣn, which is classified by an inclusion
BΣn → BΣn+1. A well known Barratt-Priddy-Quillen [2], [24], [4] and Segal [27]
theorem implies that the homotopy colimit BΣ∞ of these inclusions
BΣ0 −→ BΣ1 −→ BΣ2 −→ · · ·
is homology equivalent to the space Ω∞0 S
∞ of pointed loops of degree 0. In
particular, cohomology classes of BΣ∞ can be identified with those of Ω
∞
0 S
∞. We
note that a characteristic class c ∈ H∗(⊔BΣn) of (non-oriented) coverings extends
to a cohomology class of BΣ∞ if and only if for each covering ξ over a topological
space X,
(2) c(ξ ⊔ 1X) = c(ξ),
where 1X is the trivial one sheet covering over X.
In the case of oriented surfaces there is no direct way of comparing classify-
ing spaces BDiff Fg of orientation preserving diffeomorphism groups of different
surfaces Fg of genus g as there is no embedding Fg ⊂ Fg+1. However, by the
Harer-Ivanov stability theorem [14], [18], in the stable range of n < g/2 − 1 the
n-th homology groups of BDiff Fg are isomorphic to those of the classifying space
BDiff Fg,1, where Fg,1 is an oriented surface of genus g with one boundary compo-
nent and Diff Fg,1 is the group of orientation preserving diffeomorphisms of Fg,1
pointwise trivial on the boundary ∂Fg,1. On the other hand, since every orienta-
tion preserving diffeomorphism of Fg,1 pointwise trivial on ∂Fg,1 extends trivially
to an orientation preserving diffeomorphism of Fg+1,1 ⊃ Fg,1, there is a sequence
of inclusions
BDiff F0,1 −→ BDiff F1,1 −→ BDiff F2,1 −→ · · · .
Recently Madsen and Weiss [23] (see also an alternative proof by Galatius, Mad-
sen, Tillmann and Weiss in [13], and Eliashberg, Galatius and Mishachev in [10])
proved that its homotopy colimit BDiff F∞,1 is homology equivalent to any path
component of a relatively simple infinite loop space Ω∞CP∞−1. This implies that
the rational cohomology classes of BDiff F∞,1 are given by polynomials in terms of
so called Miller-Morita-Mumford classes as it has been predicted by the standard
Mumford conjecture.
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The reader may easily formulate a compatibility condition for components of a
characteristic class c ∈ H∗(⊔BDiff Fg,1) similar to condition (2).
2. Results
2.1. Homotopy colimit of classifying spaces. In general we may consider
oriented compact manifoldsMα of a fixed dimension d ≥ 0 with a (possibly empty)
boundary ∂Mα parametrized by an orientation reversing diffeomorphism
wα : ∂Mα −→ S
i−1 × Sd−i, 1 ≤ i− 1 ≤ d− i.
Again there are inclusions iαβ : BDiffMα → BDiffMβ whenever Mβ is obtained
from Mα either by attaching a handle of positive index along w, or by attaching
a handle of index 0. The homotopy theoretic union (i.e., homotopy colimit)
H1(d) : = hocolim BDiffMα
with respect to inclusions iαβ is defined to be the space obtained from ⊔BDiffMα by
attaching the mapping cylinders of iαβ along maps identifying copies of BDiffMα
and BDiffMβ in the mapping cylinder of i
α
β with the respective copies in the
disjoint union ⊔BDiffMα.
Let now c ∈ H∗(⊔BDiffM) be a characteristic class of oriented manifold bun-
dles with fibers given by closed oriented manifoldsM of dimension d. It is tempting
to define c to be stable if it is given by a restriction of a class in H1(d). Such a
definition, however, would not be satisfactory.
Example 2.1. For k ≥ 1 let RW2k denote the characteristic class of surface bundles
that coincides on sphere bundles with the Miller-Morita-Mumford class M2k and
is trivial on the other surface bundles. This class extends to a cohomology class in
H1(2), though intuitively it should not be stable as it is trivial on all “stabilized”
surface bundles (see subsection 2.2).
Surprisingly the extraneous classes such as RW2k can be avoided by allowing
manifolds Mα in the definition of the homotopy colimit to have more than one
boundary component. In this paper we consider a homotopy colimit
H(d) : = hocolim
I
BDiffMα
where the spaces are indexed by a set I of pairs [Mα, wα] of diffeomorphism types
of oriented compact manifolds Mα of dimension d with k ≥ 0 labeled boundary
components, and equivalence classes [wα] of orientation reversing parametrizations
wα : ∂Mα −→
⌊d+1/2⌋⊔
i=0
Si−1 × Sd−i
of the components of the boundary of Mα (see section 4). If a manifold Mβ is
obtained from a manifold Mα by attaching handles of the form D
i × Sd−i or
Si−1 × Dd−i+1 in an obvious way by means of the parametrization wα of ∂Mα,
then every orientation preserving diffeomorphism of Mα trivial on ∂Mα extends
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trivially to an orientation preserving diffeomorphism of Mβ . In particular there is
an inclusion
(3) BDiffMα −→ BDiffMβ
of classifying spaces of diffeomorphism groups. The homotopy colimit H(d) is
formed by means of inclusions (3), one for each attaching map.
The definition of H(d), however, needs a careful justification as
• there is no canonical choice of a manifold Mα in each class α,
• the spaces BDiffMα are defined up to weak homotopy equivalence, and
• the maps (3) are defined up to homotopy.
Thus, a priori neither the existence, nor the uniqueness of the space H(d) is
obvious; we need to show that it is possible to make choices in the construction
so that the diagram of all maps (3) is strictly commutative, and that different
choices result in weakly homotopy equivalent spaces.
Remark 2.2. There is an example of two strictly commutative diagrams of maps
D1 and D2 and a bijective correspondence between spaces and maps of D1 and D2
such that
• the spaces in D1 are the same as the corresponding spaces in D2,
• the maps in D1 are homotopic to the corresponding maps in D2, and
• the homotopy colimits for D1 and D2 are not weakly homotopy equivalent!
Our first theorem asserts that H(d) is well-defined.
Theorem 2.3. The homotopy colimit H(d) of classifying spaces of diffeomorphism
groups exists and unique.
Definition 2.4. A characteristic class c ∈ H∗(⊔BDiffM) of oriented manifold
bundles with fibers given by closed oriented manifolds of dimension d is said to be
stable if it is the restriction of a class in H∗(H(d)).
In the current paper we consider only cohomology groups with coefficients in
an arbitrary fixed field k of characteristic zero. Our main result, Theorem 2.5,
describes stable characteristic classes in the case of a general fixed even dimension
d ≥ 0 (for the case where d is odd see the paper of Ebert [9]). It turns out that in
the case where d is even all stable characteristic classes can be described in terms
of generalized Miller-Morita-Mumford classes, which are cohomology classes of an
infinite loop space Ω∞hV defined by Madsen and Weiss in [23] (see section 16).
Let ⊔Ω∞hV denote the disjoint union of copies of a path component of Ω∞hV,
one term for each cobordism class of oriented closed manifolds of dimension d.
The geometric meaning of cohomology classes of ⊔Ω∞hV is well understood (see
section 17) and it follows that each class in ⊔Ω∞hV determines a characteristic
class which we call tautological.
Theorem 2.5. Suppose that the dimension d ≥ 0 is even. Then each stable
characteristic class of oriented manifold bundles of dimension d is tautological.
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Remark 2.6. In the proof of Theorem 2.5 we do not use a Harer-Ivanov stability
type theorem; our Theorem 2.5 is true for any even dimension d ≥ 0, not only
d = 2.
In the case d = 0, the space Ω∞hV coincides with Ω∞S∞. By Theorem 2.5,
in this case there are no non-trivial stable characteristic classes with coefficients
in a field of characteristic zero. In the case d = 2 the space Ω∞hV coincides with
the infinite loop spaces Ω∞CP∞−1 of Madsen and Tillmann [22]. In particular,
Theorem 2.5 implies that in the case of surface bundles each stable characteristic
class is a polynomial in terms of Miller-Morita-Mumford classes [19], [20], [21].
In general the space H(d) is not homology equivalent to ⊔Ω∞hV.
According to the Bousfield-Kan cohomology spectral sequence [7], the space
H(d) may have classes contributed by the right derived functors
limiH∗(BDiffM)
of the limit functor. In fact, in the case d = 3 we construct such a phantom class,
i.e., a non-trivial class in H(d) that is trivial as a stable characteristic class of
manifold bundles.
2.2. Finite stability conditions. We show that the space H(d) is in a sense the
minimal space containing ⊔BDiffM that is suitable for the definition of stable
characteristic classes. As it has been mentioned, the attachment of mapping cylin-
ders in the definition of H1(d) creates many extraneous classes. We show that the
space H(d) can be build from H1(d) in the spirit of the Quillen “+”-construction
eliminating extraneous classes.
In fact for each positive integer k we introduce a stability condition of order
k on c so that the order of stability measures the compatibility of components
cM ∈ H
∗(BDiffM) of c. These are defined so that stable characteristic classes are
those that satisfy the stability condition of each order k.
Namely let I(k) ⊂ I denote the set of indexes α of diffeomorphism types of ori-
ented compact manifolds Mα with at most k parametrized boundary components,
each of the form Si−1 × Sd−i.
Definition 2.7. A characteristic class c is said to be stable of order k if it extends
to the homotopy colimit
Hk(d) : = hocolim
α∈I(k)
BDiffMα.
Example 2.8. In section 19 we will see that the class RW2k defined in Example 2.1
is a stable characteristic class of order 1. On the other hand RW2k is trivial on
almost all fiber bundles. As we will see, this implies that RW2k does not satisfy
some higher stability condition.
We give a geometric interpretation of the k-th stability condition and prove a
criterion for a stable characteristic class of order k − 1 to be of order k.
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3. Motivations/Outline
In this section we outline the content of the paper and shortly explain a few
essential points behind our choices made in the paper.
3.1. Definition of H(d).
3.1.1. Naive construction. Let Mα be a smooth compact oriented manifold with
one (possibly non-connected) component boundary ∂M , which is parametrized by
an orientation reversing diffeomorphism w : ∂Mα → S
i−1 × Sd−i for some non-
negative i with i − 1 ≤ d − i. Then Mα is a submanifold of oriented closed
manifolds
M0 =Mα
⋃
w
Di × Sd−i and M1 =Mα
⋃
w
Si−1 ×Dd−i+1
where w identifies ∂Mα with the boundary of the corresponding handle. Each
orientation preserving diffeomorphism of Mα pointwise trivial on ∂Mα extends
trivially to orientation preserving diffeomorphisms of M0 and M1. In particular
there is a diagram of injective homomorphisms
DiffM0 ←− DiffMα −→ DiffM1,
and therefore, a diagram of inclusions of classifying spaces
(4) BDiffM0
iα←− BDiffMα
jα
−→ BDiffM1.
The weakest compatibility condition on components cM ∈ H
∗(BDiffM) of a char-
acteristic class c requires that i∗αcM0 = j
∗
αcM1 for each diffeomorphism type α
of oriented compact manifolds with one boundary component. This compatibil-
ity condition is equivalent to the requirement that the components cM0 and cM1
extend to a cohomology class of the colimit of the diagram (4), which is the space
BDiffM0
⋃
BDiffMα
BDiffM1.
It is tempting to replace the infinitely many conditions, one for each α, by a
single condition; namely, to define a stable characteristic class to be the restriction
c ∈ H∗(⊔BDiffM) of a cohomology class of the colimit
colimBDiffM : =
⊔
BDiffM/ ∼
with respect to the diagrams (4). Here the disjoint union ranges over all dif-
feomorphism types of oriented closed manifolds M of dimension d; and for each
equivalence type [Mα, wα] of an oriented compact manifold with one parametrized
boundary component, the equivalence ∼ identifies each point iα(x) with the point
jα(x) as above.
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Such a definition, however, would not be satisfactory since
• colimits do not behave well under homotopy equivalences, and
• such a colimit has many extraneous classes.
3.1.2. Colimits vs Homotopy colimits. Colimits do not behave well under homo-
topy equivalences (e.g., see [8]). For example, if Sn−1 ⊂ Dn is the inclusion of the
boundary, then the colimits of the upper and lower rows of the diagram
Dn
⊃
←−−−− Sn−1
⊂
−−−−→ Dny y y
pt ←−−−− Sn−1 −−−−→ pt
are not homotopy equivalent. To rectify the definition, we replace colimits by
homotopy theoretic unions called homotopy colimits.
3.1.3. Extraneous classes. The homotopy colimit in the naive definition has many
extraneous classes such as RW2k. To avoid these classes we consider not the union
of diagrams (4), but its more elaborate version that includes classifying spaces
BDiffM of orientation preserving diffeomorphisms of oriented compact manifolds
M with boundary ∂M whose boundary ∂M consists of more than one component,
each diffeomorphic to Si−1 × Sd−i+1.
3.2. The Existence Theorem. In sections 4–6 we give a careful definition of
H(d). One of the main points here is that the homotopy colimit of a diagram is
well defined/exists only if the diagram is strictly commutative. Thus, in order to
define H(d), we need to carefully choose a specific model for each space BDiffMα
and a specific model for each map BDiffMα → BDiffMβ so that the diagram of
maps is strictly commutative.
3.3. The Uniqueness Theorem. We warn the reader that, a priori, for a dif-
ferent choice of models for spaces BDiffMα and maps BDiffMα → BDiffMβ the
corresponding homotopy colimit may not be weakly homotopy equivalent to H(d)
(see Example 14.1). In section 14 we show that the weak homotopy equivalence
type of the homotopy colimit H(d) does not depend on our choices.
3.4. Marked fold maps. In order to study stable characteristic classes, we in-
troduce marked fold maps (see sections 7–9). Their relation to H(d) is established
later by means of a function F , which we introduce in section 10. The function
F assigns to each manifold without boundary N the space of marked fold maps
to N . The function F resembles a sheaf on the category of smooth manifolds and
smooth maps. However a smooth map N ′ → N of manifolds does not define a
map F(N) → F(N ′) in general, and, in particular, the definition of a classifying
space of a sheaf (see [23]) is not applicable for the function F . Instead we consider
the simplicial set F⋔ of subspaces F⋔(∆ne ) ⊂ F(∆
n
e ) of those marked fold maps f
into extended simplices
∆ne : = { (x0, ..., xn) ∈ R
n+1 | x0 + · · · + xn = 1}
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that restrict to marked fold maps into subsimplices ∆me ⊂ ∆
n
e . We point out that
the spaces F⋔(∆ne ) are essentially different from the spaces F(∆
n
e ) (for example,
the numbers of path components of these spaces are essentially different in gen-
eral). Nevertheless, in sections 10–11 we will show that the realization |F| of F⋔
yields the space with properties that would be expected for the classifying space
of F . In sections 12–14 we establish the relation of marked fold maps to H(d) by
showing that |F| is weekly homotopy equivalent to H(d).
In section 18 we complete the proof of Theorem 2.5. This part heavily relies
on the Eliashberg-Mishachev theorem [11] which we recall in section 15. In later
sections we study the geometric meaning of the finite stability conditions.
4. Manifolds with parametrized boundary
Let M be an oriented compact (not necessarily path connected) manifold of
dimension d with k ≥ 0 ordered boundary components ∂1M,∂2M, ..., ∂kM , each
of the form Si−1 × Sd−i for some 0 ≤ i ≤ d+12 .
Remark 4.1. Let us recall the convention that for each d ≥ 0, there is a unique
manifold of dimension d whose underlying set is empty.
We note that the boundary components of the form S−1 × Sd are empty, while
the boundary components of the form S0×Sd−1 are not path connected. We will
assume that the order of boundary components ∂1M,∂2M, ..., ∂kM agrees with
the order given by the indices i of the tori Si−1 × Sd−i.
Definition 4.2. A parametrization of the boundary ∂M is a choice of a map
w : ∂M −→
i=⌊ d+12 ⌋⊔
i=0
Si−1 × Sd−i,
each of k components of which is an orientation reversing diffeomorphism. We will
call a pair (M,w) an oriented (compact) manifold of dimension d with parametrized
boundary.
Remark 4.3. The condition that w is orientation reversing guarantees that the
orientation of M extends to an orientation of the manifold obtained from M by
attaching an oriented handle Di×Sd−i or Si−1×Dd−i+1 along any component of
w. We recall the convention that the boundary ∂M of an oriented manifold M of
dimension d is oriented so that an ordered basis v1, ..., vd−1 for the tangent space
Tx∂M at a point x ∈ ∂M gives an orientation on ∂M at x if the ordered basis
v0, v1, ..., vd−1 for TxM gives an orientation on M at x where v0 is an arbitrary
outward pointing vector at x.
Definition 4.4. We say that manifolds with parametrized boundary (M1, w1) and
(M2, w2) are equivalent if there is an orientation preserving diffeomorphism
α :M1 →M2
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that preserves the order of boundary components and such that the diagram
∂M1
w1
&&NN
NN
NN
NN
NN
N
α|∂M1 // ∂M2
w2
xxppp
pp
pp
pp
pp
⊔
i S
i−1 × Sd−i
commutes, where the disjoint union ranges through i = 0, ...,
⌊
d+1
2
⌋
. The equiva-
lence class of a pair (M,v) will be denoted by [M,v].
Remark 4.5. LetM1 be an oriented closed manifold with no boundary components
and let M2 be an oriented closed manifold diffeomorphic to M1 with k ordered
boundary components of the form S−1 × Sd. The parametrizations w1 of ∂M1
and w2 of ∂M2 are, of course, unique. We note that (M1, w1) is not equivalent to
(M2, w2).
We note that any two parametrizations v and w of ∂M determine an orientation
preserving diffeomorphism ∂M → ∂M that does not permute path components of
∂M . According to Definition 4.4, (M,v) is equivalent to (M,w) if and only if the
corresponding diffeomorphism ∂M → ∂M extends to a diffeomorphism M →M .
In particular an automorphism of a pair (M,w) is an orientation preserving
diffeomorphism of M trivial on ∂M .
Example 4.6. If parametrizations w1 and w2 of the boundary of the same manifold
M are isotopic, then (M,w1) and (M,w2) are equivalent.
Remark 4.7. The converse of the statement in Example 4.6 is not true in general. I
am thankful to Prof. Igusa for pointing out the following example. Let P(M,∂M)
be the space of relative pseudo-isotopies of id :M →M , i.e., diffeomorphisms
M × [0, 1] −→M × [0, 1]
that keep M × {0} and ∂M × [0, 1] pointwise fixed. Suppose that dimM ≥ 7.
Then, by a result due to Hatcher [15], the group
π0(P(M,∂M))
is trivial if and only if π1(M) is trivial. In particular, for example, there is a
diffeomorphism
(5) ϕ : S1 × S6 × [0, 1] −→ S1 × S6 × [0, 1],
which is trivial on S1 × S6 × {0} and not isotopic to the identity map.
We may use the Hatcher Theorem to show that the boundary ∂M of M ∼=
S1 × S6 × [0, 1] admits two equivalent non-isotopic parametrizations. Indeed, let
v be the parametrization
S1 × S6 × {0, 1} −→ S1 × S6
that maps the path component S1 × S6 × {0} identically on its copy and takes
S1 × S6 × {1} to its copy by flipping the S1 component so that v reverses the
orientation of the second path component of ∂M . Let w be the parametrization
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of ∂M given by v ◦ ϕ|∂M . Then (M,v) is equivalent to (M,w), but v is not
isotopic to w.
Example 4.8. In the case where d < 3, any two isotopic parametrizations are
equivalent.
5. A model for BDiffM
In order to define the homotopy colimit H(d), we will need a specific model for
classifying spaces BDiffM , one for each diffeomorphism type of oriented compact
manifolds M with parametrized boundary. The model for spaces BDiffM and
maps (3) should be chosen carefully so that the diagram of all maps (3) is strictly
commutative.
Remark 5.1. The homotopy colimit can be defined only if the diagram of maps
(3) is strictly commutative. Furthermore, the homotopy classes of maps (3) are
canonical, but the maps itself are not canonical. A priori, different choices of
maps (3) in the canonical homotopy classes lead to homotopy colimits that are
not weakly homotopy equivalent. We will show, however, that in our particular
case, the homotopy colimit does not depend on these choices (see section 14).
The main result of the current section is Theorem 5.2, whose proof will occupy
the rest of the section.
Theorem 5.2. The models for spaces BDiffM and maps (3) can be chosen so
that the diagram of all maps (3) is strictly commutative.
5.1. Almost standard tori and solid tori. We say that an embedding of a
torus Si−1 × Sd−i → R∞ for some i = 1, ...,
⌊
d+1
2
⌋
is almost standard if it is
obtained by the composition of embeddings
Si−1 × Sd−i −→ Ri × Rd−i+1 × {pt} × {0} × {0}
⊂
−→ Ri × Rd−i+1 × R×R× R∞−d−3
∼=
−→ R∞,
where the first map is the product of two standard embeddings of unit spheres
into a copy of Ri×Rd−i+1 and pt is an arbitrary point in R. Each almost standard
torus Si−1 × Sd−i bounds two embedded almost standard solid tori. Namely,
Di × Sd−i ⊂ Ri × Rd−i+1 × {pt} × R× {0}
given by the set of 5-tuples (x1, x2, x3, x4, x5) with
‖x1‖ ≤ 1, ‖x2‖ = 1, x3 = pt, x4 ≥ 0, ‖x1‖
2 + x24 = 1, x5 = 0;
and
Si−1 ×Dd−i+1 ⊂ Ri × Rd−i+1 × {pt} × R× {0}
given by the set of 5-tuples (x1, x2, x3, x4, x5) with
‖x1‖ = 1, ‖x2‖ ≤ 1, x3 = pt, x4 ≥ 0, ‖x2‖
2 + x24 = 1, x5 = 0.
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5.2. A model for BDiffMα. For all α ∈ I, the space BDiffMα can be regarded
to be the space of equivalence classes of embeddings
f :Mα →֒ R
∞
such that
(i) for each non-empty boundary component ∂iMα with a parametrization wi,
the composition f ◦ w−1i is an almost standard embedding of a torus,
(ii) the order of the non-empty boundary components of ∂M agrees with the
order given by the distances of components of f(Mα) to 0 ∈ R
∞,
(iii) the image of f does not intersect the interior of the almost standard solid
tori bounded by components of ∂M , and
(iv) if Mβ is obtained from Mα by attaching handles along some of the non-
empty components of ∂Mα, then f canonically extends to a smooth em-
bedding f ′ :Mβ → R
∞ such that f ′|Mα = f and f
′ restricted to the glued
solid tori coincides with almost standard embeddings of solid tori.
Remark 5.3.
• The condition (iv) implies (iii).
• The condition (iv) is included in order to avoid non smooth maps f ′, e.g.,
maps onto submanifolds in R∞ with corners.
• The space of embeddings satisfying (i)–(iv) endowed with the C∞ topology
is weakly homotopy equivalent to a point.
An embedding f satisfying (i)–(iv) is said to be equivalent to an embedding g
satisfying (i)–(iv) if there is a diffeomorphism h of Mα relative to the boundary
such that f = g ◦h. In other words, an equivalence class of embeddings satisfying
(i)–(iv) is given by a submanifold W ⊂ R∞ for which there is a diffeomorphism
f : Mα → W as above. The equivalence class of an embedding f is denoted by
[f ]. The space of all equivalence classes endowed with the factor space topology
is of the type BDiffMα. It will be our model of BDiffMα.
5.3. A model for maps (3). The correspondence f 7→ f ′ described in (iv)
determines the correspondence [f ] 7→ [f ′] and therefore determines a specific model
for the map (3) in the case where Mβ is obtained from Mα by attaching handles
along non-empty boundary components Mα.
Next we need a specific model for the map (3) in the case where the manifoldMβ
is obtained from Mα by attaching several handles along non-empty components
of ∂Mα and several handles along empty components of Mα. To simplify the
description of the map, let us assume that Mβ is obtained from Mα by attaching
l handles along l ordered empty components of Mα. In fact, let us assume that
Mα is closed, i.e., Mα has no non-empty boundary components. In the general
case the definition of the model for maps (3) is similar.
Remark 5.4. In the general case, however, we essentially use our assumption that
if ∂kM is an empty component of (M,w), then all components ∂lM with l < k
are also empty.
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Let fα :Mα → R
∞ be a map representing a point [fα] in our model of BDiffMα.
We will construct a map fβ :Mβ → R
∞ representing the image [fβ] of [fα] in our
model of BDiffMβ.
Let r(fα) denote the minimal radius of a closed disc Dr(fα) in R
∞ centered at
0 ∈ R∞ for which there is a decomposition of the manifold Mα into a disjoint
union of two submanifolds M1α and M
2
α such that
• the disc Dr(fα) is the minimal round disc centered at 0 ∈ R
∞ that contains
the image fα(M
1
α), and
• each path component S of M2α is diffeomorphic to a sphere S
d and the
image fα(S) is given by the unit sphere
D0 × Sd ⊂ R0 × Rd+1 × {10j + r(fα)} × {0} × {0}
for some positive integer j.
The map fβ is defined to be the disjoint union of f and the inclusion of l almost
standard tori
D0 × Sd ⊂ R0 × Rd+1 × {10(i + u(i)) + r(fα)} × R× {0},
where i ∈ {1, 2, ..., k} is the ordering index of an attached handle and u(i) is the
number of spheres fα(S) with S ∈M
2
α whose centers are in the closed disc in R
∞
centered at zero of radius 10i + r(f).
We need to verify that the maps
BDiffMα −→ BDiffMβ
[fα] 7→ [fβ]
form a strictly commutative diagram, i.e., any two sequences of maps in the dia-
gram
BDiffMα = BDiffM0 −→ BDiffM1 −→ · · · −→ BDiffMp = BDiffMβ,
and
BDiffMα = BDiffM
′
0 −→ BDiffM
′
1 −→ · · · −→ BDiffM
′
q = BDiffMβ,
where p and q are two positive (possibly different) integers, take each point [fα]
onto the same point [fβ]. To this end let us observe that if the submanifold M
2
α
is not empty, then [fα] belongs to the image of an embedding
(6) BDiffM−1 −→ BDiffMα
where M−1 is diffeomorphic to M
1
α and therefore, by precomposing the two se-
quences of maps with the embedding (6), we may assume that M2α is empty. In
this case, it is easy to see that the resulting map fβ maps the sphere S attached
along the j-th component onto
D0 × Sd ⊂ R0 × Rd+1 × {10j + r(fα)} × {0} × {0}
and therefore the resulting map does not depend on the choice of one of the two
sequences of maps.
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6. Definition of the homotopy colimit H(d)
Next we describe the homotopy colimit diagram of H(d) which is a covariant
functor D from a small category I to the category of topological spaces. The
objects in I are in bijective correspondence with equivalence classes [M,w] of
pairs of an oriented compact manifold M , one for each diffeomorphism type, with
labeled boundary components, each of the form Si−1×Sd−i, and parametrizations
w of ∂M .
If ∂M consists of one component Si−1×Sd−i, then in I there are precisely two
arrows from the object corresponding to [M,w], namely, an arrow corresponding
to attaching a handle Si−1 ×Dd−i+1 and an arrow corresponding to attaching a
handle Di × Sd−i, both attachments are by means of the parametrization w. In
particular, if ∂M is S−1 × Sd, then in I there are two arrows from the object of
[M,w]; namely, one corresponding to forgetting the empty boundary component
S−1×Sd, and one corresponding to taking the disjoint union ofM with the sphere
Sd.
In general, if M is bounded by n components of the form Si−1 × Sd−i, then in
the category I there are precisely
3n − 1 =
n∑
k=1
2k
n!
(n− k)!k!
arrows from the vertex corresponding to [M,w]; each arrow corresponds to an
attachment of handles along some of the components of ∂M .
More precisely, let [M,w] be a pair corresponding to an object in I. Suppose
that it is represented by a compact oriented manifold M with n labeled boundary
components ∂1M, ..., ∂nM , each of the form S
i−1 × Sd−i; and a parametrization
w of ∂M . Then each regular arrow from the object corresponding to [M,w] is
labeled by
• a choice of k > 0 components of ∂M , say ∂j1M, ..., ∂jkM , and
• one of the two choices of handles Di × Sd−i or Si−1 × Dd−i+1 for each
chosen boundary component of ∂M of the type Si−1 × Sd−i.
Such an arrow points to an object corresponding to a pair [M ′, w′], which can be
described as follows. The manifoldM ′ is obtained fromM by attaching the chosen
handles along ∂j1M, ..., ∂jkM by means of w. We note that there is a canonical
inclusion of M into M ′. In particular, the path components of ∂M ′ inherit an
order from the order of boundary path components of M . We label the path
components of ∂M ′ according to the inherited order. The parametrization w′ is
defined to be the one given by the composition of the map ∂M ′ → ∂M inverse to
the canonical inclusion and w. Clearly, the equivalence class [M ′, w′] constructed
above does not depend on the choices of M and w representing [M,w].
Remark 6.1. There is no canonical choice of Mα, wα representing [Mα, wα] and
of Mβ, wβ representing [Mβ, wβ ]. In particular, the existence of an arrow in the
category I from an object of [Mα, wα] to an object of [Mβ, wβ ] does not imply the
existence of a canonical inclusion of Mα to Mβ.
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Next we define the covariant functor D from the category I to the category of
topological spaces.
Informally, if α is an object of I corresponding to a pair (Mα, wα), then D(α)
is the topological space given by the classifying space BDiffMα of the group of
orientation preserving diffeomorphisms of Mα trivial on the boundary. Since an
arrow g : α → β in I corresponds to attaching handles to a manifold (Mα, wα)
along components of the parametrization wα, there exists an inclusion of Mα into
the resulting manifold Mβ. The morphism D(g) is defined to be the induced map
(7) BDiffMα −→ BDiffMβ .
Since the inclusionMα toMβ is not unique (see Remark 6.1) some care is necessary
in order to get a commutative diagram of spaces (see Remark 5.1). Namely we
choose the models of classifying spaces BDiffMα and maps (7) as defined in sec-
tion 5. Then the diagram of maps (7) is commutative and therefore the covariant
functor D is well defined.
Finally, the space
H(d) : = hocolim
α∈I
BDiffMα
is called the homotopy colimit H(d) of classifying spaces of diffeomorphism groups
of manifolds of dimension d.
Remark 6.2. LetM be an oriented manifold with boundary of the form Si−1×Sd−i.
Given a parametrization w of ∂M , the pair (M,w) represents a vertex in the
homotopy colimit diagram of H(d). There are two arrows from (M,w), namely,
the one to a vertex of the manifold M0 obtained from M by attaching a handle
Di × Sd−i along w, and the one to a vertex of the manifold M1 obtained from M
by attaching a handle Si−1 × Dd−i+1. In other words, in the homotopy colimit
diagram of H(d) there is a subdiagram
BDiffM0 BDiffM1
BDiffM
ffNNNNNNNNNNN
88ppppppppppp
If d is even, then the target spaces BDiffM0 and BDiffM1 in the above diagram
are always different. However if d is odd, the target spaces may coincide. In
particular the term colim1H0 in the homology Bousfield-Kan spectral sequence
contributes a cycle in H(d) of degree 1.
Example 6.3. In the case where d = 0, an oriented compact manifold of dimension
d is a disjoint union of finitely many points each of which is labeled by a sign,
“+” or “–”. In this case a manifold may have only empty boundary components.
In particular we may omit mentioning parametrizations of boundary components.
However, the order of boundary components is still essential.
Let M = M bp,n be an oriented manifold that consists of p positive points, n
negative points, and b empty boundary components S−1 × S0. An orientation
preserving diffeomorphism of M is an element of the group Σp,n of pairs of per-
mutations of p and n points. Our model for BDiffM = BΣp,n is the standard one;
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it is defined to be the space of subsets of unordered p+ n points in R∞ such that
p points are labeled by “+” and n points are labeled by “–”. The integer p− n is
called the charge of the manifold M .
The category I has one object for each diffeomorphism type of oriented mani-
foldsM of p positive points, n negative points and b empty boundary components,
i.e., one object for each triple of non-negative integers b, p and n. Attaching s
non-empty handles to an oriented manifold M of dimension 0 results in taking
a disjoint union of M and s copies of a pair of a positive point and a negative
point. It follows that the category I splits into the disjoint union of subcategories,
one for each integer µ, where the subcategory indexed by an integer µ is a full
subcategory of I that consists of all objects of manifolds of charge µ.
Let us fix an integer µ, and let J denote the full subcategory of I indexed
by µ. In the category J , each arrow is a composition of elementary arrows that
are arrows from an object with b boundary components to an object with b − 1
boundary components. Furthermore, from an object M bp,n, there are precisely b
elementary arrows in J to an object of M b−1p+1,n+1, and b elementary arrows to an
object ofM b−1p,n , and there are no other elementary arrows from the object ofMp,n.
Let J (b) denote the full subcategory of J that consists of objects of manifolds
with ≤ b boundary components. Then, clearly,
hocolim
α∈J (0)
BDiffMα =
⊔
p−n=µ
BΣp,n.
It is also easy to observe that
(8) hocolim
α∈J (1)
BDiffMα = BΣµ+∞,∞ ≃ BΣ∞ ×BΣ∞,
where BΣµ+∞,∞ is the homotopy colimit of the diagram
BΣµ,0 −→ BΣµ+1,1 −→ BΣµ+2,2 −→ · · ·
if µ ≥ 0, and
BΣ0,µ −→ BΣ1,µ+1 −→ BΣ2,µ+2 −→ · · ·
if µ < 0. The construction of
hocolim
α∈J (∞)
BDiffMα
resembles the Quillen “+” construction applied to the space (8).
7. Elementary bordisms
7.1. Standard handle of index i. Let d be an arbitrary fixed non-negative
integer. For i ∈ {0, 1, . . . ,
⌊
d+1
2
⌋
}, let mi : R
d+1 → R be the standard Morse
function of index i given by
(x1, ..., xd+1) 7→ −x
2
1 − · · · − x
2
i + x
2
i+1 + · · ·+ x
2
d+1.
Then there is an open neighborhood U ′ of the union of coordinate planes
x21 + · · ·+ x
2
i = 0 and x
2
i+1 + · · · + x
2
d+1 = 0
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homeomorphic to a disc such that the closure U of the set
U ′ ∩ {x ∈ Rd+1 | − 1 ≤ mi(x) ≤ 1 }
is a handle of index i diffeomorphic to a closed disc with corners; the set of corner
points is empty for i = 0. The boundary ∂U of U is the union ∂U = Uh ∪ Uv of
two components
Uh = U ′ ∩ {mi(x) = ±1 } and Uv ∼= [−1, 1] × S
i−1 × Sd−i;
the component Uv is empty for i = 0. Without loss of generality we may assume
that U ′ is chosen so that Uv and Uh are smooth submanifolds of R
d+1.
We fix the latter diffeomorphism parametrizing Uv and consider it to be a
part of the structure of the handle U . We will assume that the diffeomorphism
parametrizing Uv is orientation preserving.
The function mi|U : U → [−1, 1] is said to be the standard model of a Morse
function on a handle of index i if Uv is an integral submanifold of R
d+1 with
respect to the gradient vector field of mi, and the projection of Uv onto its first
factor coincides with mi|Uv.
7.2. Kernel of an elementary bordism. Let W be an oriented bordism be-
tween oriented compact manifolds −M0 and M1 of dimension d, i.e., W is an
oriented compact manifold of dimension d + 1 with boundary given by the dis-
joint union of oriented manifolds −M0 ⊔M1. It is known that W admits a Morse
function g : W → [−1, 1] with
g−1(−1) =M0 and g
−1(1) =M1.
We say that a bordism (W, g) is elementary if g has a unique critical point p of
index i ∈ {0, ...,
⌊
d+1
2
⌋
} and g(p) = 0. We will also say that (W, g) is an elementary
bordism of index i. We note that in the case where d is even, if (W, g) is elementary,
then (W,−g) can not be elementary. A kernel of an elementary bordism (W, g) is
an orientation preserving embedding
ψ : U −→W
of a standard handle of index i such that the composition g ◦ψ coincides with the
standard model mi of a Morse function on U .
An elementary bordism (W1, g1) with kernel ψ1 is equivalent to an elementary
bordism (W2, g2) with kernel ψ2 if there is an orientation preserving diffeomor-
phism α : W1 → W2 such that
g2 = g1 ◦ α
−1 and ψ2 = α ◦ ψ1.
In this case the diffeomorphism α is said to be an equivalence of (W1, g1, ψ1)
and (W2, g2, ψ2). We note that the boundary components of W1 and W2 are
ordered and an equivalence preserves the order. The equivalence class of (W, g, ψ)
is denoted by [W, g, ψ].
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7.3. The elementary bordism associated to a parametrization. Let M be
a compact oriented manifold bounded by a manifold diffeomorphic to Si−1×Sd−i
for some i ∈ {0, 1, . . . ,
⌊
d+1
2
⌋
}. Then each parametrization w of ∂M determines
an oriented elementary bordism (W, g) and a kernel ψ.
Indeed, such a bordism W is given by a smooth orientable compact manifold
(without corners) obtained by attaching the standard handle U of index i to
[−1, 1] ×M along the orientation reversing map
id[−1,1] ×w
−1 : Uv ∼= [−1, 1] × S
i−1 × Sd−i −→ [−1, 1]× ∂M.
We note that by the definition of the standard model mi of a Morse function,
the projection
π : [−1, 1] × ∂M −→ [−1, 1]
onto the first factor coincides with the composition of id[−1,1] × w and mi|Uv.
Consequently, in view of the parametrization w, there is a canonical extension of
π to a Morse function g on W . Clearly, the inclusion U →W is a kernel of (W, g).
It remains to describe the orientations of W , M0 and M1. On W we choose an
orientation so that at each point of
M = {0} ×M ⊂ [−1, 1] ×M
in W a vector frame {v1, ..., vd+1} in TW is positive, where v1 maps by dg to the
vector of the positive direction in [−1, 1] and the frame {v2, ..., vd+1} is a frame
in TM ⊂ TW corresponding to the positive orientation of TM . Next we choose
orientations on M0 and M1 so that W is an oriented bordism between −M0 and
M1. We warn the reader that our choice of orientation of M0 is not consistent
with the canonical orientation1 of the boundary ∂W .
In fact each equivalence class [M,w] of a compact oriented manifold M with
∂M of the form Si−1 × Sd−i and a parametrization w of ∂M gives rise to a well-
defined equivalence class [W, g, ψ] of an elementary bordism (W, g) with a kernel
ψ. Indeed, an equivalence α : (M1, w1)→ (M2, w2) of pairs representing the same
class [M,w] determines a diffeomorphism
id[−1,1] × α : [−1, 1] ×M1 −→ [−1, 1] ×M2
which canonically extends to a diffeomorphism W1 → W2 of elementary bordisms
associated with (M1, w1) and (M2, w2) respectively. Furthermore, the obtained
diffeomorphism W1 →W2 is an equivalence of elementary bordisms.
Remark 7.1. For i = 1, 2, let (Wi, gi, ψi) be an elementary bordism obtained from
a pair (Mi, wi). As we have seen, an equivalence of pairs (Mi, wi) produces an
equivalence of triples (Wi, gi, ψi). On the other hand most of the equivalences of
triples (Wi, gi, ψi) are not produced by equivalences of pairs (Mi, wi).
1Let us recall that if N is an oriented manifold with boundary, then the boundary ∂N inherits
an orientation: a frame {v2, ..., vd+1} at p ∈ ∂N is an oriented basis of Tp∂N if and only if the
frame {v1, ..., vd+1} is an oriented basis of TpN , where v1 is a vector outward normal to N .
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7.4. The parametrization associated to an elementary bordism. Let (W, g)
be an oriented elementary bordism between oriented closed manifoldsM0 and−M1
and ψ be a kernel of (W, g). Then the triple (W, g, ψ) gives rise to an oriented
manifold M with boundary of the form Si−1 × Sd−i and an equivalence class
[w] of parametrizations of ∂M . Indeed, such a manifold M is defined to be the
submanifold
g−1(0) ∩ W \ ψ(U)
of W with orientation that agrees with the canonical orientation of the boundary
of the manifold with corners g−1([−1, 0])∩ (W \ψ(U)); while the equivalence class
[w] is represented by the parametrization w given by the identification of ∂M with
{0} × Si−1 × Sd−i by means of
ψ|Uv : Uv ∼= [−1, 1] × S
i−1 × Sd−i −→ [−1, 1] × ∂M.
In contrast to the statement of Remark 7.1, each equivalence of elementary bor-
disms with kernels descends to an equivalence of the associated pairs of manifolds
M and parametrizations of ∂M . It is easily verified that equivalence classes of
triples (W, g, ψ) are in bijective correspondence with equivalence classes of pairs
(M,w). We will prove a more general statement below (see Lemma 8.3).
Remark 7.2. To bring our discussion in perspective, let us observe that in the
diagram of the homotopy colimit H(d) there is precisely one subdiagram
BDiffM0 BDiffM1
BDiffM
ffNNNNNNNNNNN
88ppppppppppp
for each equivalence class of triples (W, g, ψ) of an oriented elementary bordism
between manifolds M0 and M1, and a kernel ψ.
Now we can present an example for a claim in Remark 6.2.
Example 7.3. Let f be a Morse function on CP 2 with precisely three critical
points at which the function f assumes values −2, 0 and 2 respectively. Then the
manifold
W : = CP 2 \ {x ∈ CP 2 | − 1 ≤ f(x) ≤ 1 }
determines an elementary bordism (W,f |W ) between two copies of S3. There are
two non-equivalent choices of a kernel of (W,f |W ). Let ψ denote one of them.
Then, the equivalence class of the triple (W,f |W,ψ) determines a subdiagram
BDiff S3 ←− BDiffM −→ BDiff S3
of the homotopy colimit diagram of H(d).
8. Elementary k-bordisms
8.1. Standard (k, s, i)-handle.
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Definition 8.1. A point x ∈M of a smooth map f :M → N , with dimM ≥ dimN ,
is said to be regular if the kernel rank of f at x is precisely dimM − dimN .
Otherwise, i.e., if the kernel rank of f at x is greater than dimM − dimN , the
map f is said to be singular at the point x. In this case we will also say that x is
a singular point of f .
Given a smooth map f :M → N , we say that a fiber f−1(y) over a point y ∈ N
is regular if each point x ∈ f−1(y) is regular. Otherwise, the fiber f−1(y) is said
to be singular.
Definition 8.2. We say that a point x ∈ M is a fold singular point of a smooth
map f : M → N if there are coordinate neighborhoods of x in M and f(x) in N
with respect to which f is of the form
(9) (x1, ..., xm+d) 7→ (x1, ..., xm,±x
2
m+1 ± · · · ± x
2
m+d).
It immediately follows that if f : M → N is a fold map, then the singular set
S = S(f) of f is a submanifold of M of dimension dimN − 1. Furthermore, the
restriction of f to S is an immersion. If the manifoldM is of dimensionm+d, then
in a neighborhood of each point x ∈ S there are coordinates with respect to which
f has the form (9) and the number i of signs “− ” in the quadratic expression is
at most
⌊
d+1
2
⌋
. The number i is called the index of the fold singularity of f at
x. We will also say that the singular point x has index i. We note that any two
points of the same path component of S have the same index.
We recall that if X is an oriented manifold, then −X stands for an oriented
manifold whose underlying space is the same as that of X, but the orientations of
X and −X do not agree. Let m(k, s, i) denote the map given by
(−1)k−sRd+k −→ Rk,
(y1, ..., yk−1, x1, ..., xd+1) 7→ (y1, ..., ys−1,mi(x1, ..., xd+1), ys, ..., yk−1)
for
k = 1, 2, ..., s = 1, 2, . . . , k, and i = 0, 1, . . . ,
⌊
d+ 1
2
⌋
.
Then the restriction of m(k, s, i) to (−1)k−sDk−1 × U , where U is the standard
handle of index i, is called the standard model on a (k, s, i)-handle (−1)k−sDk−1×
U . We note that the orientation of (−1)k−sDk−1 × U coincides with the product
of standard orientations on Dk−1 and U only if k − s is even.
We note that each map m(k, s, i) is a fold map. The singular set of m(k, s, i) is
given by x1 = · · · = xd+1 = 0 and the image of the singular set is given by the set
of points of the form (y1, ..., ys−1, 0, ys, ..., yk−1). Each singular point of m(k, s, i)
has index i.
8.2. Parametrization of a multicomponent boundary. From each vertex of
the homotopy colimit diagram of H(d) there are two elementary arrows. These
are encoded by an elementary bordism with a kernel. To encode arrows in the
diagram of H(d) given by compositions of k elementary arrows, we need a notion of
an elementary k-bordism, which generalizes the notion of an elementary bordism.
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Let Dk denote a standard disc of dimension k. We define an elementary k-
bordism (W, g) to be a smooth proper map g : W → Dk of an oriented manifold
W with boundary ∂W = g−1(∂Dk) such that the set of singular values of g
coincides with the union of coordinate hyperplanes in Dk and each singular point
of g is a fold.
A kernel of an elementary k-bordism (W, g) is defined to be an orientation
preserving embedding ψ = ⊔ks=1ψs into W with components
ψs : (−1)
k−sDk−1 × Us −→W,
where Us is a standard handle of index i for some i ∈ {1, ...,
⌊
d+1
2
⌋
}, such that for
each s the composition
(−1)k−sDk−1 × Us
ψs
−→W
g
−→ Dk,
coincides with the standard model on a (k, s, i)-handle.
We say that an elementary k-bordism (W1, g1) with kernel ψ1 is equivalent to an
elementary k-bordism (W2, g2) with kernel ψ2 if there is an orientation preserving
diffeomorphism α :W1 →W2 such that
g2 = g1 ◦ α
−1 and ψ2 = α ◦ ψ1.
Lemma 8.3. Equivalence classes of pairs (M,w) of an oriented compact manifold
M with k boundary components of the form Si−1× Sd−i and a parametrization w
of ∂M are in bijective correspondence with equivalence classes of triples (W, g, ψ)
of an elementary k-bordism (W, g) and a kernel ψ.
Proof. LetM be an oriented compact manifold with k boundary components of the
form Si−1×Sd−i and w a parametrization of ∂M which has k labeled components
w1, ..., wk. We define an oriented manifold
W := Dk ×M
⋃ k
∪
s=1
(−1)k−sDk−1 × Us,
by attaching k standard (k, s, i)-handles Us toD
k×M . The s-th handle is attached
to the s-th boundary path component Dk × ∂sM by means of an orientation
reversing diffeomorphism
(10) Dk−1 × Uv,s −→ D
k × ∂sM
where Uv,s is the vertical part of ∂Us, given by the composition of
• the orientation preserving diffeomorphism
(−1)k−sDk−1 × Uv,s ∼= [(−1)
k−sDs−1 ×Dk−s]× [D1 × Si−1 × Sd−i],
that is the product of idDk−1 and the fixed orientation preserving parametriza-
tion of Uv,s,
• the orientation reversing diffeomorphism from
(−1)(k−s)Ds−1 ×Dk−s ×D1 × Si−1 × Sd−i
to
(−1)(k−s)Ds−1 ×Dk−s ×D1 × ∂sM,
given by idDs−1 × idDk−s × idD1 × w
−1
s ,
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• the orientation preserving diffeomorphism
(−1)(k−s)Ds−1 ×Dk−s ×D1 × ∂sM −→ D
s−1 ×D1 ×Dk−s × ∂sM
exchanging factors,
• and the identity
Ds−1 ×D1 ×Dk−s × ∂sM −→ D
k × ∂sM.
As in the case of an elementary bordism, the projection Dk × ∂sM → D
k onto
the first factor agrees with the restriction of the standard model
m(k, s, i) : (−1)k−sDk−1 × Us −→ D
k
to (−1)k−sDk−1 × Uv,s, i.e., there is a commutative diagram
(−1)k−sDk−1 × Uv,s
''PP
PP
PP
PP
PP
PP
P
(10)
// Dk × ∂sM
yyttt
tt
tt
tt
t
Dk.
Consequently, the projection Dk ×M → Dk onto the first factor extends to an
elementary k-bordism (W, g) with a kernel ψ embedding the union ∪Us of standard
handles into W .
Suppose now that (W, g) is an elementary bordism and ψ is a kernel of (W, g).
Then
M : = g−1(0) ∩W \ ∪ψ(Us).
is an oriented compact manifold with k boundary components of the form Si−1×
Sd−i. Each component of ∂M is identified by means of ψ with {0} × Uh,s for
some s. In particular, there is a canonical parametrization w of ∂M . The index
s determines an order on the boundary components of ∂M . Thus each triple
(W, g, ψ) leads to a pair (M,w).

9. Marked fold maps
9.1. Motivation. Stable characteristic classes of smooth manifold bundles turn
out to be related to fold maps equipped with an additional structure, which we call
a marking. The notion of a marked fold map is a generalization of the notion of
a k-bordism with a kernel. A marked fold map is a fold map of smooth manifolds
with two compatible markings, a global one and a local one. These are motivated
by the following observation.
To begin with let us observe that any fold map near a singular fiber looks like a
k-bordism. More precisely, let f :M → N be a fold map whose restriction to the
set of singular points is an immersion with normal crossings. Let Σk denote the
set of points x in N such that the fiber of f over x contains precisely k singular
points. It immediately follows that if x ∈ Σk, then the map f restricted to the
inverse image f−1(D) of a disc neighborhood D of x admits a decomposition into
a product of an elementary k-bordism and a constant map of a disc of dimension
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dimN − k. A local marking fits such decompositions for x ranging over points of
Σk with a fixed k, while a global marking fits local markings for strata Σk with
different k.
9.2. Local marking. Let f :M → N be a fold map whose restriction to the set
of singular points is an immersion with normal crossing. Let Σk denote the set of
points x in N for which the fiber of f over x is a submanifold of M with precisely
k singular points. Then each Σk is a submanifold of N of codimension k. Suppose
that for each k > 0 and each path component Σ of Σk, there is a fixed smooth
orientation preserving diffeomorphism
iN : D
k × Σ →֒ N extending {0} × Σ →֒ N
and an elementary k-bordism π : W → Dk with a kernel ψ = {ψs} together with
a fixed smooth orientation preserving diffeomorphism iM :W ×Σ →֒M for which
the diagram
W × Σ
iM−−−−→ M
pi×idΣ
y fy
Dk × Σ
iN−−−−→ N
commutes. Then we say that the set of pairs of maps iM , iN , one pair for each path
component Σ, is a local marking on the fold map f . We observe that the image
of iN is path connected, while the image of iM has precisely k path components.
Remark 9.1. A local marking on f encodes an order of singular points of f in each
fiber.
Remark 9.2. Not every fold map admits a local marking since an existence of a
local marking implies the existence of a trivialization of the normal bundle of each
path component of S(f) ∩ f−1(Σ), where S(f) is the set of singular points of f
in M . Furthermore, if f is a fold map, then there is a well defined kernel bundle
over S(f). The existence of a marking implies that the restriction of the kernel
bundle to S(f) ∩ f−1(Σ) is trivial.
Remark 9.3. A fold map may contain many essentially different markings. For
example, suppose f : M → N is a fold map of an orientable manifold into a
surface. Then the singular set of f is of dimension 1. Suppose f contains a circle
Σ ⊂ N of singular values of index 0. Let (iM , iN ) be a marking of f near Σ.
Let d be the dimension of a non-empty regular fiber of f . Then for each element
of τ ∈ π1(SOd+1), there is a new marking (i
′
M , i
′
N ) of f near Σ such that the
difference between the trivializations given by i′N and iN is in the homotopy class
of τ .
Remark 9.4. Even if f is a fold map of oriented manifolds such that dimM =
dimN , it may not admit a local marking. Indeed, let N denote the oriented
manifold
N : = R3 × [0, 1]/ ∼
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where ∼ identifies a point (x, y, z; 0) with the point (z, x, y; 1). Of course N is
diffeomorphic to R3 × S1. There is a fold map f from an oriented manifold M to
the manifold N such that the set of singular values of f is
{ (x, y, z; t) ∈ R3 × [0, 1]/ ∼ | xyz = 0 }.
Clearly f does not admit a local marking.
Remark 9.5. If f : M → N is a fold map with a local marking, then for each k
and for each path component Σ of Σk the normal bundle of each path component
of S(f)∩ f−1(Σ) is trivial. On the other hand, it is easy to construct an example
of a fold map f with a local marking such that the normal bundle of the singular
set of f is not trivial; e.g., consider a fold map f : M → R2 of a non-orientable
manifold such that for some path component Σ ⊂ M of the singular set of f the
image f(Σ) is a figure “8”.
Remark 9.6. Let f be a proper fold map with a non-empty regular fiber of di-
mension d. Then, by Lemma 8.3, a local marking associates an oriented compact
manifold M of dimension d with a parametrized boundary ∂M to each point of
the target of M . Indeed, if x is a regular value of f , then the associated manifold
M is f−1(x). If x is a singular value, then x ∈ Σ and there is a fixed elementary
k-bordism π : W → Dk which is a part of the local marking. By Lemma 8.3, it
corresponds to a manifold of dimension d with a parametrized boundary.
9.3. Global marking. Let f :M → N be a fold map of oriented manifolds such
that the restriction of f to the set of singular points in M is an immersion with
normal crossings. Suppose that for each path component S ⊂M of singular points
of f of index i, there is
• a diffeomorphism α : U × S → M extending the inclusion of the singular
set {0} × S into M , where U is the standard handle of index i, and
• a submersion β : [−1, 1] × S → N
such that the diagram
U × S −−−−→ M
mi×idS
y fy
[−1, 1] × S
β
−−−−→ N,
is commutative. Here mi : U → R is the standard model of a Morse function of
index i. Then the couple (α, β) is said to be a kernel of the fold map f .
Remark 9.7. The existence of a kernel implies that the normal bundle of S in
M is trivial and the normal bundle of the immersion f |S : S → N is trivial.
Furthermore, a kernel determines a trivialization of the normal bundles of S and
f |S.
Remark 9.8. If the manifold M is oriented, then the trivialization of the normal
bundle of S determines an orientation on S. On the other hand, if N is oriented,
then f(S) inherits an orientation since the normal bundle of the immersion f |S is
trivial. However, f |S may not preserve the orientation. Indeed, if f |S preserves
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the orientation, then for the map f˜ : M → (−1)N that pointwise coincides with
f˜ , the immersion f˜ |S does not preserve the orientation.
Remark 9.9. We emphasize that according to our definition, the index i of singular
points is at most
⌊
d+1
2
⌋
. In particular, the coorientation of f(S) in N determined
by β does not really depend on the choice of β.
Suppose now that for each point x ∈ N in f(S), the set of singular points of f in
f−1(x) is ordered. We say that the order of singular points S∩f−1(x) is preserved
as x ranges over singular values of f in N if each point x ∈ N has a neighborhood
O(x) such that for any point y in O(x) the orders of singular points in S ∩ f−1(x)
and S∩f−1(y) are compatible. More precisely, each point of S∩f−1(y) belongs to
a unique path component of S ∩ f−1(O(x)) and therefore corresponds to a unique
point in S ∩ f−1(x) provided that O(x) is chosen to be small enough. Thus there
is a map
S ∩ f−1(y) −→ S ∩ f−1(x).
We require that this map preserves the order of singular points.
Definition 9.10. A global marking on a fold map f :M → N of oriented manifolds
is a choice of a kernel (α, β) and a choice of an order of singular points in the
singular fibers f−1(x) of f such that the order of singular points is preserved as x
ranges over singular values of f .
Example 9.11. An elementary k-bordism with a kernel has a canonical global
marking. Indeed, the kernel of an elementary k-bordism f determines a kernel of f
considered as a fold map. Furthermore, for each singular value x of f , each singular
point in the fiber f−1(x) belongs to a unique (k, s, i)-handle Us and therefore is
marked by a positive integer s. In particular, the singular points in each singular
fiber of f are ordered. It is easy to see that the order of singular points in the
fibers f−1(x) is preserved as x ranges over singular values of f .
Remark 9.12. The example in Remark 9.3 shows that a fold map may have many
essentially different global markings.
9.4. Definition of a marked fold map. If a fold map f has a local marking
and a global marking, and if these two structures agree in a sense defined below,
then we say that f is a marked fold map.
To describe the compatibility condition, suppose f is a fold map with a local
marking and with a global marking. Let
iM : W × Σ→M and iN : D
k × Σ→ N
be embeddings of a local marking. The structure of a local marking also includes
a projection g :W → Dk and a kernel ψ of the elementary k-bordism (W, g) with
components
ψs : (−1)
k−sDk−1 × Us −→W.
We note that the image of iM of the s-th singular set of g is a submanifold of
codimension k − 1 of a path component Σ˜ of fold singular points of f . Let
α : U × Σ˜→M and β : [−1, 1] × Σ˜→ N
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be kernel maps of f . Then U ∼= Us and all mentioned maps fit a commutative
diagram
Dk−1 × Us × Σ
ψs×idΣ−−−−−→ W × Σ
iM−−−−→ M
α
←−−−− U × Σ˜
m(k,s,i)×idΣ
y g×idΣy fy mi×idΣ˜
y
Dk × Σ
∼=
−−−−→ Dk × Σ
iN−−−−→ N
β
←−−−− D1 × Σ˜,
where all horizontal maps are diffeomorphisms onto image.
We say that the global and local markings of f are compatible if for each pair
(iM , iN ) and each pair (α, β), there exists a diffeomorphism onto image
σ : Dk−1 × Σ −→ Σ˜
such that the composition α−1 ◦ iM ◦ (ψs× idΣ) of the upper horizontal homomor-
phisms coincides with
Dk−1 × Us × Σ −→ Us × (D
k−1 × Σ)
idUs×σ−→ U × Σ˜
and the composition β−1 ◦ iN of the lower horizontal homomorphisms coincides
with
Dk × Σ −→ Ds−1 ×D1 ×Dk−s × Σ −→ D1 × (Dk−1 × Σ)
id
D1
×σ
−→ D1 × Σ˜.
Definition 9.13. A fold map f with a global and local markings is said to be a
marked fold map if its markings are compatible.
Remark 9.14. Let F(M,N) (respectively,MF(M,N)) denote the topological space
of fold maps (respectively, marked fold maps) of a manifold M into a manifold N .
Then there is an inclusion
i : MF(M,N) −→ F(M,N).
The induced homomorphism i∗ of zero homotopy groups is not surjective; even if
the restriction of a fold map f to the singular set S(f) is an embedding, the map f
may not have a structure of a marked fold map (see Remark 9.7). By Remark 9.3,
the induced homomorphism i∗ is not injective. Thus, i∗ is neither surjective, nor
injective.
10. The sheaf F of marked fold maps
Let E denote the category of smooth manifolds without boundary and smooth
submersions. Then a set valued contravariant functor F on E is said to be a
sheaf on E if for any open covering {Ui} of any manifold X ∈ E , and any sections
si ∈ F (Ui) with si = sj over Ui∩Uj for all i, j, there is a unique section s ∈ F (X)
that restricts to si over Ui for each i. Given a closed subset A of a manifold X ∈ E
and a germ s of sections of F near A, the set F (X,A; s) ⊂ F (X) is defined to be
the subset of sections whose germ over A coincides with s.
Remark 10.1. Our definition of a sheaf differs from the one in the papers [23]
of Madsen and Weiss, and [13] by Galatius, Madsen, Tillmann and Weiss as we
define a sheaf on the category E where morphisms are not smooth maps, but
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smooth submersions. Such a generalization is necessary as the sheaf of marked
fold maps defined below is not a sheaf on the category of smooth manifolds without
boundary and smooth maps.
These definitions also make sense in the case where the functor F takes values
in the category Top of topological spaces and continuous maps.
Definition 10.2. Let F be a sheaf and X a smooth manifold without boundary.
Let p : X × R → R be the projection onto the second factor. Two sections s0
and s1 of F (X) are said to be concordant if there is a section s of F (X ×R) that
agrees with the section p∗s0 over X × (−∞,−1) and with the section p
∗s1 over
X × (1,∞).
Let ∆e denote the category with objects given by ordered sets n = {0, 1, . . . , n},
one for each n ≥ 0, and morphisms m→ n given by order preserving maps. Every
morphism in ∆e can be written in terms of morphisms
δi : n− 1 −→ n, δi : {0, 1, . . . , n− 1} 7→ {0, 1, . . . , i− 1, i+ 1, . . . , n},
σi : n −→ n− 1, σi : {0, 1, . . . , n} 7→ {0, 1, . . . , i− 1, i, i, i + 1, . . . , n− 1},
called face and degeneracy maps respectively. This morphisms should be compared
with their linear namesakes
δi : ∆
n−1 −→ ∆n, δi(t0, ..., tn−1) = (t0, ..., ti−1, 0, ti, ..., tn−1),
σi : ∆
n −→ ∆n−1, σi(t0, ..., tn) = (t0, ..., ti + ti+1, ..., tn)
of standard geometric n-simplices
∆n = {(t0, . . . , tn) ⊂ R
n+1 : 0 ≤ ti ≤ 1, t0 + · · · tn = 1}.
A simplicial object in a category C is a contravariant functor F : ∆e → C. A
simplicial set is a simplicial object in the category of sets, while a simplicial space
is a simplicial object in the category of topological spaces.
Let X be a simplicial space. Put ∂i = X(δi) and si = X(σi). Then the
geometric realization of a simplicial space X is defined to be the topological space
|X| : = (
⊔
n≥0
X(n)×∆n)/ ∼
where the equivalence relation ∼ identifies (x, δi(u)) with (∂i(x), u) and (x, σi(u))
with (si(x), u).
For a manifold U ∈ E , we say that a submanifold W ⊂ U ×R∞ has a structure
of an F-submanifold (or, simply, that W is an F-submanifold) if the inclusion
W ⊂ U ×R∞ is the product of a marked fold map W → U and an arbitrary map
W → R∞. Let F(U) denote the topological space of F-submanifolds in U × R∞.
Then the correspondence U 7→ F(U) is a sheaf F called the sheaf of marked fold
maps.
An extended n-simplex ∆ne , with n ≥ 0, is defined by
∆ne : = { (x0, ..., xn) ∈ R
n+1 | x0 + · · ·+ xn = 1}.
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We note that the correspondence n 7→ F(∆ne ) is not a simplicial object since for
a morphism m → n the map F(∆ne ) → F(∆
m
e ) may not exist. However F do
determine a simplicial set, which we describe next.
Let πW denote the projection W → ∆
n
e of an F-submanifold in ∆
n
e ×R
∞ onto
the first factor. In particular πW is a marked fold map. Let Σ ⊂ W be the set of
singular points of πW . Then Σ is a submanifold of W and πW |Σ is an immersion.
Let Sk ⊂ ∆
n
e denote the set of points x such that the fiber of πW over x is a
singular manifold with precisely k singular points. We will form a simplicial set
by considering only those F-submanifolds that satisfy properties P1 and P2.
(P1) For each morphism m→ n given by a composition of face maps, the corre-
sponding inclusion ∆me → ∆
n
e is transversal to the immersed submanifolds
Si for all i.
The property (P1) insures that for each morphismm→ n the map i : ∆me → ∆
n
e
pulls back the map πW to a smooth map i
∗πW : i
∗W → ∆me . We note that the
subspace in F(∆ne ) of F-submanifolds satisfying (P1) is open dense. Here we
consider only morphisms given by a composition of face maps since for degeneracy
maps the corresponding statement is true (F is a sheaf).
Remark 10.3. The property (P1) guarantees that i∗πW is a fold map.
Remark 10.4. We note that the subspace of F(∆ne ) of F-submanifolds satisfying
the property (P1) is not weakly homotopy equivalent to the space F(∆ne ), since
for example these two spaces have different number of path components.
(P2) The map i∗πW is a marked fold map with the structure inherited from the
marked fold map πW .
Remark 10.5. Let us describe the property (P2) in terms of markings. Let W
be an F-submanifold in F(∆ne ) satisfying the property (P1) and let S be a path
component of Sk. Let
i∆ : D
k × S −→ ∆ne ,
iW : V × S −→ W
be local marking maps, where V is the source manifold of an elementary k-bordism.
The map i∗πW inherits a local marking if there are commutative diagrams:
Dk × (S ∩∆me ) −−−−→ ∆
m
ey
y
Dk × S −−−−→ ∆ne
and
V × (S ∩∆me ) −−−−→ Wy y
V × S −−−−→ W,
where the vertical maps are inclusions. In particular, the property (P2) requires
the existence of the two commutative diagrams above.
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Similarly, let Σ be a path component of fold singular points in W and let
α : U ×Σ −→W and β : [−1, 1]× Σ −→ ∆ne
be global marking maps, where U is a standard handle. Then, the map i∗πW
inherits the global marking if there are commutative diagrams
U × (Σ ∩ i∗W ) −−−−→ i∗Wy y
U × Σ −−−−→ W
and
[−1, 1] × (Σ ∩ i∗W ) −−−−→ ∆mey y
[−1, 1] × Σ −−−−→ ∆ne ,
where the vertical maps are inclusions. Again, the property (P2) requires the
existence of the two commutative diagrams above.
It is easily verified that if the local and global markings for πW are compatible,
then the same is true for inherited markings for i∗πW .
Remark 10.6. The space of F-submanifolds that satisfy (P1) is weakly homotopy
equivalent to the space of F-submanifolds that satisfy (P1) and (P2).
Let F⋔(∆ne ) ⊂ F(∆
n
e ) denotes the set of those F-submanifolds W in ∆
n
e ×R
∞
that satisfy the properties (P1) and (P2). Then the correspondence n 7→ F⋔(∆ne )
is a simplicial object. For a morphism i : m→ n, the map
F⋔(i) : F⋔(n) −→ F⋔(m)
takes an F-submanifold W in ∆ne ×R
∞ to the F-submanifold i˜∗W in ∆me × R
∞,
where i˜ is the linear map ∆me → ∆
n
e corresponding to the morphism i.
The realization of the simplicial object n 7→ F⋔(∆ne ) is denoted by |F|.
11. Classifying space |F| of the sheaf F
Proposition 11.1 will show that the space |F| is a classifying space of the sheaf
F . In view of Remark 10.4 its statement is slightly surprising. However the proof
of Proposition 11.1 is similar to that of [23, Proposition 2.4.3].
Proposition 11.1. Let z be a value in F(pt). Then for any manifold X in E and
a closed subset A ⊂ X, there is a natural bijection of the set of homotopy classes
of maps (X,A)→ (|F|, z) and F [X,A; z].
Proof. As has been mentioned the proof of Proposition 11.1 follows the proof of
[23, Proposition 2.4.3]. In contrast to the functor considered in [23], the functor F
is defined not on the category of smooth manifolds and smooth maps, but on the
category of smooth manifolds and smooth embeddings. In particular, a smooth
map X → X does not induce a morphism F(X)→ F(X) used in the proof of [23,
Proposition 2.4.3]. Because of that to prove Proposition 11.1 a slight modification
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of the argument in the proof of [23, Proposition 2.4.3] is necessary. We will explain
the necessary modification in the case where A is empty; the general case is similar.
Let X be a smooth manifold in E and u an element in F(X) representing a
class [u] in F [X], i.e., u is given by a submanifold W ⊂ X × R∞ such that its
projection πX : W → X onto the first factor is a proper marked fold map. There
is a smooth triangulation of X with an ordered set of vertices. Following the proof
of [23, Proposition 2.4.3], for each characteristic embedding c : ∆n → X of the
triangulation we consider an embedding ce : ∆
n
e → X of an extended simplex. If
necessary we may modify the representative u in the class [u] and the triangulation
so that
(C1) for each extended characteristic embedding ce, the pullback c
∗
eu is an ele-
ment in F⋔(∆ne ).
Indeed, first, we may modify the triangulation so that the characteristic em-
beddings ce are transversal to the submanifolds Sk of X of points parametrizing
fibers of πX with k singular points. Next, we may modify the markings of the fold
map πX so that the image of each marking map is in a small tubular neighbor-
hood of the set of singular points or singular values. Finally we may modify the
triangulation so that the condition (C1) is satisfied.
If the condition (C1) is satisfied, then each map ce determines a smooth map
from Im(ce|∆
n) ⊂ X to a simplex in |F|. Thus there is a well defined map
ψ : X → |F|.
Given a different smooth triangulation of X with an ordered set of vertices,
there is a triangulation of X × [0, 1] with an ordered set of vertices such that the
restrictions of the triangulation to X ×{0} and X ×{1} coincide with the former
and latter triangulations of X respectively. Furthermore, we may assume that the
triangulation of X × [0, 1] satisfies the condition (C1). Then the obtained map
X × [0, 1] → |F| is a homotopy of two maps X → |F|, which shows that the
homotopy class of ψ does not depend on the triangulation of X.
Let now g : X → |F| be a map representing a class [g] ∈ [X, |F|]. By the
simplicial approximation principle (see the proof of [23, Proposition 2.4.3]), there is
a simplicial set Xs and a simplicial map of Xs into the simplicial set n 7→ F⋔(∆ne )
whose realization is g. There is a smooth homotopy ht : X → X of h0 = idX ,
with t ∈ [0, 1] such that
• ht maps each simplex of X onto itself for each t, and
• each simplex has a neighborhood that maps by h1 onto the simplex.
We may also assume that
• for each simplex ∆ in X, the restriction of ht to h
−1
t (∆˚) is a submersion
to the interior ∆˚ of ∆, i.e., at each point in h−1(∆˚), its rank is dim∆.
Our additional assumption on the homotopy ht guarantees that the element con-
structed in the proof of [23, Proposition 2.4.3] is in F(X). 
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12. Equivalence |F| = T
Let fi : Mi → Ni be two smooth maps of oriented manifolds, i = 1, 2. Without
loss of generality we may assume that
r = dimN2 − dimN1
is non-negative. We say that the fiber of f1 over a point y1 ∈ N1 is equivalent to
the fiber of f2 over a point y2 ∈ N2 if there are open neighborhoods U1 of y1 in
N1 and U2 of y2 in N2 and there are orientation preserving diffeomorphisms
α : U1 × R
r −→ U2
and
β : f−11 (U1)× R
r −→ f−12 (U2)
for which the diagram
f−11 (U1)× R
r β−−−−→ f−12 (U2)
f1
y f2y
U1 × R
r α−−−−→ U2
commutes. Similarly we can define equivalence classes of fibers of marked fold
maps. By Remark 9.6 an equivalence class of fibers of marked fold maps deter-
mines an equivalence class in I of an oriented compact manifold with parametrized
boundary.
Each point x in |F| belongs to the interior of a unique non-degenerate simplex,
which corresponds to an F-submanifoldW in ∆ne ×R
∞. In particular each point x
determines the equivalence class of the fiber over x under the projection π : W →
∆ne , which is a marked fold map. Hence, there is a natural stratification
|F| =
⊔
α∈I
|F|α.
For each u ∈ F⋔(∆ne ), let Wu be the F-submanifold in ∆
n × R∞, n = 0, 1, ....
Then, for each i, the map
F⋔(∆n−1e )×∆
n−1 −→ F⋔(∆ne )×∆
n
that takes (∂i(x), u) to (x, δi(u)) is covered by the map
(11)
⊔
u∈F⋔(∆n−1e )
Wu −→
⊔
v∈F⋔(∆ne )
Wv
and the map
F⋔(∆ne )×∆
n −→ F⋔(∆n−1e )×∆
n−1
that takes (si(x), u) to (x, σi(u)) is covered by the map
(12)
⊔
u∈F⋔(∆ne )
Wu −→
⊔
v∈F⋔(∆n−1e )
Wv.
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The disjoint union ⊔Wu of all F-submanifoldsWu subject to identifications (11)
and (12) is denoted by W. There is a canonical map
Π :W −→ |F|
that restricts to the projection of F-submanifolds Wu to ∆
n, each of the projec-
tions is a marked fold map.
Proposition 12.1. For each α ∈ I, the space |F|α is weakly homotopy equivalent
to the space BDiffMα.
Proof. Suppose that α is in Ik. Let y be a point in |F|α. It belongs to the interior
of a unique non-degenerate simplex in |F| and therefore corresponds to a marked
fold map π : W → ∆ne . The set |F|α has a trivial normal bundle U in |F| of
dimension k, the fiber Uy of U over y is trivialized by the local marking of the
marked fold maps W → ∆ne . The restriction of Π to Π
−1(U) will be denoted by
Πα :Wα → U .
In fact we may choose U so that for each y the set Wy := π
−1(Uy) is a sub-
manifold of W and π|Wy : Wy → Uy is a k-bordism with a kernel. Then Πα is
a family of k-bordisms π|Wy with kernels parametrized by |F|. Note that the
complement in Wy to the image of the kernel of the k-bordism π|Wy is the total
space of a smooth bundle over Uy with fiber Mα. Thus, by removing images of
kernels of k-bordisms, we obtain a bundle over U with fiber Mα. Its structure
group is DiffMα since the boundary of each fiber comes with a parametrization.
Hence this bundle is classified by a map
ψ : U −→ BDiffMα.
Since we only need to show that |F|α is weakly homotopy equivalent to the space
BDiffMα, we may replace BDiffMα by a CW complex weakly homotopy equiva-
lent to BDiffMα. We will continue to denote the new CW complex by BDiffMα.
Then we may use the universal bundle E0 → BDiffMα in order to form a family
of k-bordisms with kernels over BDiffMα×D
k. For each point x ∈ BDiffMα, the
k-bordism with kernel over x×Dk is classified by a map to |F| with image in U .
The union of these maps determine a map
ϕ : BDiffMα = BDiffMα × {0} ⊂ BDiffMα ×D
k → U.
Clearly ψ and ϕ are inverses of each other. 
Thanks to Proposition 12.1, the space |F| (or, more precisely, a space weakly
homotopy equivalent to |F|) has a fairly simple description, which we give in this
subsection.
Let Ik ⊂ I denote the subset indexing diffeomorphism types of oriented compact
manifolds with precisely k boundary components of the form Si−1×Sd−i. Let T0
be a CW complex equipped with a weak homotopy equivalence
d0 : T0 : =
⊔
α∈J0
T(Mα) −→
⊔
α∈J0
BDiffMα.
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Then T0 is a space classifying oriented manifold bundles with fiber of dimension
d; the universal oriented bundle E0 → T0 is given by the pullback via d0 of the
universal oriented manifold bundle over ⊔BDiffMα.
Remark 12.2. We note that the universal oriented bundle E0 → T0 has no smooth
structure. In particular, for a continuous map τ : N → T0, the total space τ
∗E0
of the pullback has no structure of a smooth manifold. However it is possible to
introduce a notion of a smooth map of a manifold into T0 so that for a smooth
map τ to T0, the pullback bundle is smooth.
Suppose that there is a universal space Tk−1 for families of marked fold maps
with fibers with at most k − 1 singular points such that Tk−1 is a CW complex.
In other words Tk−1 is a CW complex such that families of marked fold maps into
a space N over X with fibers with at most k − 1 singular points are in bijective
correspondence with homotopy classes of maps [N,Tk−1].
Let T′k be a CW complex equipped with a weak homotopy equivalence
T′k : =
⊔
α∈Ik
T(Mα) −→
⊔
α∈Ik
BDiffMα,
where BDiffMα stands for the group of diffeomorphisms of Mα trivial on ∂Mα.
Then there is a family E′ → T′k × D
k constructed as in Definition 20.3 such
that its restriction to T′k×∂D
k is a special family of order k (see Definition 20.3).
It is classified by a map into Tk−1. Then the homotopy pushout Tk of
T′k ×D
k ←− T′k × ∂D
k −→ Tk−1
is a classifying space for marked fold maps with fibers with at most k singular
points.
Remark 12.3. The proof of Proposition 12.1 implies that there is a map Ek → Tk,
which, in some certain sense, is a universal marked fold map with at most k-fold
fold points.
Remark 12.4. Our argument in the construction of Tk is justified by Proposi-
tion 12.1; the construction of T is only a description of the space |F| according to
Proposition 12.1.
Remark 12.5. It is tempting to use an induction with inductive assumption that
there exists a universal map uk : Ek−1 → Tk−1 for marked fold maps with fibers
with at most k − 1 singular points such that Tk−1 is a CW complex and for each
marked fold map f :M → N with fibers with at most k− 1 singular points, there
is a unique up to homotopy map g : N → Tk−1 such that f = g
∗uk. However, in
order to establish the induction step, one needs to
• enlarge the class of fold maps so that the new class includes special families
of order k, and
• devise a consistent method of how to introduce smooth structures on pull-
backs g∗Ek−1 for maps g : N → Tk−1.
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The latter is not immediate since the space Ek−1 has no smooth structure. One
should address this question with care, since, for example, there exist two non
fiberwise diffeomorphic smooth fiber bundles that are isomorphic as topological
fiber bundles (see the Hatcher example in [17]).
The construction proceeds by induction.
It immediately follows that the space T classifies marked fold maps in the
sense that for each oriented closed manifold N , the concordance classes of marked
fold maps into N are in bijective correspondence with elements in [N,T] (see
Definition 20.1).
13. Equivalence T ≈ H′(d)
13.1. The space T as a direct limit. In this subsection we represent the clas-
sifying space T of marked fold maps as a direct limit of spaces C(Mα).
Let Ik(α) denote the set of indexes β ∈ Ik for which the manifold with paramet-
rized boundary Mα can be obtained by attaching handles to Mβ along some of
the boundary components of ∂Mβ. Clearly Ik(α) is empty for k < l if α ∈ Il. Let
fβ : W −→ D
k
be the elementary k-bordism associated with Mβ by means of Lemma 8.3. Let
I(β, α) be the set indexing the path components of the subset of Dk of points
parametrizing fibers of fβ equivalent to Mα. In particular, the set I(β, α) is
empty unless β ∈ Ik(α). For κ ∈ I(β, α) let D
k
κ denote the closure in D
k of the
set indexed by κ.
Example 13.1. Let Mα0 be a compact oriented surface of genus g with one bound-
ary component of the form S0 × S1. Then the set I3(α0) contains precisely three
indices α0, α1 and α2 corresponding to oriented compact surfaces Mα0 , Mα1 and
Mα2 of genus g with respectively one, two and three boundary components of the
form S0 × S1. For i = 0, 1, 2, the set ⊔Diκ where κ ranges over I(αi, α0) respec-
tively is the point, the disjoint union [−1, 0] ⊔ [0, 1], and the disjoint union of the
four closed quarters of a disc of dimension 2.
To begin with we construct spaces C(Mα), one for each α ∈ I, by induction sim-
ilar to that in the construction of T. In the construction of C(Mα) the role of T
′
k
is played by a CW complex C′k(Mα) equipped with a weak homotopy equivalence
C′k(Mα) : =
⊔
β∈Ik(α)
κ∈I(β,α)
C′(Mβ ,Mα;κ) −→
⊔
β∈Ik(α)
BDiffMβ × I(β, α),
where C′(Mβ ,Mα;κ) = BDiffMβ×{κ} is a CW complex weakly homotopy equiv-
alent to BDiffMβ.
The CW complex C0(Mα) is defined to be BDiffMα. For k ≥ 0, the CW
complex Ck(Mα) is defined to be the pushout⊔
β∈Ik(α)
κ∈I(β,α)
C′(Mβ ,Mα;κ)×D
k
κ ←−
⊔
β∈Ik(α)
κ∈I(β,α)
C′(Mβ ,Mα;κ)×(D
k
κ∩∂D
k) −→ Ck−1(Mα).
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In fact we may arrange the maps so that there is an obvious canonical map
ηk,α : Ck(Mα)→ Tk.
We note that if α ∈ Il, then C
′
k(Mα) is empty for k < l. For k = l, the map
ηk,α is a homeomorphism onto image. If k > l, then each point x ∈ Tk has at
most finitely many inverse images in Ck(Mα).
Finally the space C(Mα) is defined to be the colimit of spaces Ck(Mα) with
respect to inclusions Ck(Mα) ⊂ Ck+1(Mα). Under the above assumptions on
choices of maps, there is a canonical map
ηα : C(Mα) −→ T
for each α ∈ I. These maps commute with obvious inclusions
(13) C(Mβ) −→ C(Mα).
Remark 13.2. The space T is identical to the direct limit of spaces C(Mα) taken
with respect to obvious inclusions (13).
13.2. Homotopy colimit. Let us now define a new functor D′ from I to the
category of topological spaces. By definition, D′(α) = C(Mα) for each α ∈ I,
where Mα is a manifold with parametrized boundary representing the equivalence
class of α. To each arrow β → α, the functor D′ assigns an obvious inclusion
C(Mβ) −→ C(Mα).
Put
H′(d) : = hocolimC(Mα),
where the homotopy colimit is taken with respect to the diagram D′.
For the next theorem we need a complex ∆k. It is associated with the configu-
ration of coordinate planes in Rk. To begin with we construct an oriented graph
Γ. Its vertices are in bijective correspondence with path components of half planes
given by k equations and inequalities
xi ≥ 0, xi ≤ 0 or xi = 0,
one for each coordinate xi in R
k so that ∆k has precisely 3
k vertices. If a half
plane L0 of dimension s is in the boundary of a half plane L1 of dimension > s,
then there is an oriented edge from the vertex of L0 to that of L1. The complex
∆k is constructed so that its simplices of dimension l correspond to paths in Γ of
length l + 1. These simplices are glued along the boundaries in an obvious way.
We note that the space ∆k is contractible as there is a deformation of ∆k that
linearly deforms (k + 1)-simplices of ∆k to the unique common point.
Let us recall that a continuous map p : E → B to a path connected space B is
said to be a quasifibration if the induced map
p∗ : πi(E, p
−1(y0), x0) −→ πi(B, y0)
is an isomorphism for each y0 ∈ B, x0 ∈ π
−1(y0) and i ≥ 0. In fact a map
p : E → B is a quasifibration if and only if the base space B is a union of
open subsets V1 and V2 such that the restrictions of p to V1, V2 and V1 ∩ V2
are quasifibrations (e.g., see [16]). Another criterion asserts that p : E → B
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is a quasifibration if there are deformation retracts E′ of E and B′ of B under
deformations Ft and ft respectively with t ∈ [0, 1] such that Ft covers ft, E
′ → B′
is a quasifibration, and F1 : p
−1(x)→ p−1(f1(x)) is a weak homotopy equivalence
for each x ∈ B.
Theorem 13.3. The projection p : H′(d)→ T is a quasifibration.
Proof. To begin with let us describe the fiber of p over a point x in Tk \Tk−1 for
k ≥ 0. Here we assume that T−1 is empty. Then the fiber p
−1(x) is a CW complex
of dimension k isomorphic to ∆k. In fact, there is a canonical map from the fiber
p−1(x) to ∆k. Hence, the restriction of p to p
−1(Tk \Tk−1) is a trivial fiber bundle
with fiber ∆k. We note that Tk−1 is open in Tk and that Tk \Tk−1 has an open
neighborhood in Tk which is a trivial disc bundle (Tk \Tk−1)× Int(D
k).
Furthermore, the radial retraction
Uk : = (Tk \Tk−1)× Int(D
k) −→ Tk \Tk−1
is covered by a retraction of p−1(U) to p−1(Tk \Tk−1) that takes a fiber ∆l over
a point in Tl \Tl−1 to a fiber ∆k in an obvious way. Consequently, the restriction
of p to an open neighborhood of Tk \Tk−1 is a quasifibration. It is also clear that
the restrictions of p to Uk ∩Ul are quasifibrations. Hence p is a quasifibration. 
Theorem 13.3 implies that the homotopy fiber of p is homotopy trivial since the
inclusion of any fiber to the homotopy fiber of a quasifibration is a weak homotopy
equivalence. In particular, the map p induces an isomorphism of homotopy groups.
Corollary 13.4. The projection p : H′(d)→ T is a weak homotopy equivalence.
14. Equivalence H′(d) ≈ H(d)
We have defined two diagrams D and D′ over the same category I. In this
section we show that their homotopy colimits are weakly homotopy equivalent.
In fact our argument shows that for any choice of models of spaces BDiffMα
and maps BDiffMβ → BDiffMα, the corresponding homotopy colimit is weakly
homotopy equivalent to H′(d).
To begin with, let us observe that for each α ∈ I there is a weak homotopy
equivalence
iα : D
′(α) = C(Mα) ≈ BDiffMα = D(α).
Its homotopy class is canonical, but the map iα itself is not canonical. Similarly,
for each arrow β 7→ α in I the diagram
D′(β)
D′(β 7→α)
−−−−−−→ D′(α)
iβ
y iαy
D(β)
D(β 7→α)
−−−−−→ D(α),
is homotopy commutative, but not necessarily commutative. Since the diagrams
over arrows in I are not necessarily commutative, we can not immediately con-
clude that the homotopy colimit H′(d) of D′ is weakly homotopy equivalent to the
homotopy colimit H(d) of D. I learned the following example from David Ayala [1].
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Example 14.1. Let us consider a diagram D1 :
D1+
~~ ~
~~
~~
~~ a
  A
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AA
AA
A
pt S0
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
S1
D1−
``@@@@@@@@
b
>>}}}}}}}}
where each of the two vertical maps is an inclusion of S0 into the boundary of a
copy of the segment D1; and the maps a, b are inclusions of the upper and lower
semicircles into a circle. The homotopy colimit of the diagram D1 is contractible.
Let now D2 be the diagram that differs from the diagram D2 only in that the
maps a and b are constant maps onto a point in S1. Then the homotopy colimit
of D2 is homotopy equivalent to S
1 ∨ S2. Thus
hocolimD1 ≇ hocolimD2,
though each map of the diagram D2 is homotopic to the corresponding map of the
diagram D1.
Nevertheless we will show that the following theorem holds true.
Theorem 14.2. The spaces H(d) and H′(d) are weakly homotopy equivalent.
In order to establish Theorem 14.2 we will need two series of auxiliary homotopy
colimits taken with respect to series of functors Dk and D
′
k.
For each k ≥ 0, the diagram Dk is defined to be the restriction of the functor D
to the full subcategory I(k) ⊂ I of indices α of diffeomorphism types of manifolds
with at most k boundary components. The homotopy colimit taken with respect
to Dk is denoted by Hk(d).
The diagram D′k, with k ≥ 0, is defined similarly to the diagram D
′. Namely, we
put D′k(α) = Ck(Mα) for each α ∈ I, where Mα is a manifold with parametrized
boundary representing the equivalence class of α ∈ Ik. To each arrow β → α in
Ik, the functor D
′
k assigns an obvious inclusion
Ck(Mβ) −→ Ck(Mα).
Put
H
′
k(d) : = hocolimCk(Mα),
where the homotopy colimit is taken with respect to the diagram D′k. We also
recall that there are canonical maps
ηα,k : D
′
k(α) = Ck(Mα) −→ T = |F|.
Remark 14.3. The functor D′k is not a restriction of the functor D
′. Lemma 14.4
below is not true if we replace D′k by the functor given by the restriction of D
′ to
Ik.
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Lemma 14.4. Let x be a point in D′k(α). Then there is a unique index σ and a
point s ∈ D′k(σ) such that for each point y ∈ D
′
k(γ) that maps by D
′
k(γ 7→ α) onto
x, there is a diagram:
D′k(σ 7→ α) : s
D′
k
(σ 7→γ)
−→ y
D′
k
(γ 7→α)
−→ x.
In particular, if y ∈ D′k(γ) and z ∈ D
′
k(ζ) are points that map by D
′
k(γ 7→ α) and
D′k(ζ 7→ α) onto x respectively, then there is a commutative diagram
s
D′
k
(σ 7→γ)
−−−−−−→ y
D′
k
(σ 7→ζ)
y yD′k(γ 7→α)
z
D′
k
(ζ 7→α)
−−−−−−→ x.
Proof of Lemma 14.4. The point ηα,k(x) is in the interior of a unique non-degenerate
simplex ∆ of |F|. By the definition of |F| the simplex ∆ corresponds to an F-
submanifold W in ∆ × R∞. Let M be a compact smooth oriented manifold
obtained from the fiber W over x by removing points in the image of the kernel
of the local marking of the map W → ∆. Let σ denote the index of the diffeo-
morphism type of M . Then the point ηα,k(x) belongs to the image of ησ,k. In
fact there is a unique point s ∈ D′k(σ) such that ησ,k(s) = ηα,k(x). It immediately
follows that the index σ and the point s satisfy the conclusion of Lemma 14.4. 
Proof of Theorem 14.2. For the homotopy colimits H′k(d) of D
′
k and Hk(d) of Dk,
the telescopes T ′(d) of
(14) H′0(d) −→ H
′
1(d) −→ H
′
2(d) −→ · · ·
and T (d) of
(15) H0(d) −→ H1(d) −→ H2(d) −→ · · ·
are weakly homotopy equivalent to H′(d) and H(d) respectively. We claim that
the sequences of maps (14) and (15) fit into a homotopy commutative diagram
H′0(d) −−−−→ H
′
1(d) −−−−→ H
′
2(d) −−−−→ · · ·y y y
H0(d) −−−−→ H1(d) −−−−→ H2(d) −−−−→ · · · ,
where each vertical map is a weak homotopy equivalence.
Lemma 14.5. For each k, there is a weak homotopy equivalence
vk : H
′
k(d) −→ Hk(d).
Proof of Lemma 14.5. To begin with we arbitrarily choose weak homotopy equiv-
alences iβ : D
′
k(β)→ Dk(β) for each β ∈ Ik \Ik−1. Next, we assume that for some
positive integer j < k,
Aj−1 : the maps iβ can be constructed for all indices β ∈ Ik \ Ij so that all the
diagrams over arrows in Ik \ Ij commute.
STABLE CHARACTERISTIC CLASSES OF SMOOTH MANIFOLD BUNDLES 39
We will establish the statement Aj , and then, by induction, conclude that Ak
holds true.
Let α be an index in Ij \ Ij−1. We claim that there is a weak homotopy
equivalence iα : D
′
k(α)→ Dk(α) such that the diagrams
D′k(β)
D′
k
(β 7→α)
−−−−−−→ D′k(α)
iβ
y iαy
Dk(β)
Dk(β 7→α)
−−−−−−→ Dk(α),
are strictly commutative for each arrow β 7→ α in Ik \ Ij−1. Indeed, if x ∈ D
′
k(α)
is in the image of D′k(β 7→ α) for some β ∈ Ik \ Ij , then by Lemma 14.4 there is a
unique index σ and a point s ∈ D′k(σ) that satisfies the statement of Lemma 14.4.
We define iα(x) to be the point Dk(σ 7→ α) ◦ iσ(s).
We recall that the space D′k(α) is a CW complex weakly homotopy equivalent
to BDiffMα and there is a fiber bundle Eα over D
′
k(α) with fiber Mα associated
with the principal DiffMα bundle. The map iα has been constructed on a CW
subcomplex ImD′k(β 7→ α) of D
′
k(α) and classifies the restriction of Eα. Conse-
quently iα can be extended to a map of D
′
k(α) so that iα is a weak homotopy
equivalence.
Now by induction we may choose maps iγ for all γ ∈ Ik so that all diagrams
over arrows in Ik are strictly commutative. Finally the maps iα define a map vk
of homotopy colimits and vk is a weak homotopy equivalence. 
Lemma 14.6. The diagram preceding Lemma 14.5 with vertical maps given by
the maps vk is homotopy commutative.
Proof. Let us recall that in order to construct a map vk we first arbitrarily choose
maps iβ : D
′
k(β) → Dk(β) for each β ∈ Ik \ Ik−1 and then define vk so that it
extends the chosen maps iβ . Let us observe now that any homotopy of the chosen
maps iβ extends to a homotopy of vk. Let us show that the diagram
H′k(d) −−−−→ H
′
k+1(d)y y
Hk(d) −−−−→ Hk+1(d),
is homotopy commutative. The map vk+1 restricted to the spaces D
′
k(β), with
β ∈ Ik\Ik−1, is homotopic to the disjoint union of maps iβ chosen in the definition
of vk. By modifying vk by homotopy, we may assume that the restriction of vk+1
to the spaces D′k(β), with β ∈ Ik \Ik−1 coincides with the maps iβ. Then we may
use induction to construct a homotopy of iα for each α ∈ Ik to the restriction
of vk+1 to D
′
k(α). This produces a homotopy of vk to the restriction of vk+1 to
H′k(d). 
The existence of maps vj that fit the above homotopy commutative diagram
implies the existence of a map
h : T ′(d) −→ T (d)
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of the telescopes of (14) and (15). We claim that h is a weak homotopy equivalence.
Indeed, each map f of a sphere into T (d) lifts to a map into Hj(d) for some finite
j. Since vj is a weak homotopy equivalence, the latter map lifts to a map into
H′j(d) and therefore determines an element in a homotopy group of T
′(d) that
maps to [f ] ∈ π∗(T (d)) by h∗. By a similar argument it is easily verified that h∗ is
injective. Thus T ′(d) is weakly homotopy equivalent to T (d). On the other hand,
since H′(d) is a CW complex, the telescope T ′(d) is homotopy equivalent to H′(d).
Thus, there is a sequence of weak homotopy equivalences:
H
′(d) −→ T ′(d) −→ T (d) −→ H(d)
and, in particular, H′(d) is weakly homotopy equivalent to H(d).

Proof of Theorem 2.3. The existence of the homotopy colimit follows from Theo-
rem 5.2. On the other hand our argument in the proof of Theorem 14.2 does not
use any property of the chosen model of H(d). Thus the argument in the proof of
Theorem 14.2 implies that for any choices in the definition of the homotopy col-
imit of classifying spaces of diffeomorphism groups of manifolds, for the resulting
space H˜(d), there is a weak homotopy equivalence H′(d)→ H˜(d). 
15. Eliashberg-Mishachev Theorem
To determine the set of stable characteristic classes we will use the Eliashberg-
Mishachev Theorem on wrinkled maps [11], which is an h-principle type theorem.
The standard wrinkle of type (n, q, s) is defined to be a map
w(n, q, s) : Rq−1 × Rn−q × R1 −→ Rq−1 × R,
parametrized by n ≥ q ≥ 1 and s = 0, ..., ⌈(n− q)/2⌉, and given by
(y, x, z) 7→ (y, z3 + 3(|y|2 − 1)z −
s∑
i=1
x2i +
n−q∑
j=s+1
x2j).
There is an obvious homotopy of the standard wrinkle to a submersion Rn → Rq.
In particular there is a surjective homomorphism TRn → TRq covering w(n, q, s).
Furthermore we may choose such a homomorphism R(dw) so that it coincides
with dw(n, q, s) outside of a small neighborhood of the disc
D := { (y, x, z) | z2 + |y|2 ≤ 1, x = 0 }.
The homomorphism R(dw) is said to be a regularized differential of w(n, q, s).
Remark 15.1. We note that a homotopy of w(n, q, s) to a submersion can not be
chosen to be constant outside of a small neighborhood of D.
A smooth map f : M → Q is called wrinkled if for some disjoint open subsets
U1, ..., Uk, the restriction f |Ui is equivalent to the restriction of a standard wrinkle
in a neighborhood of D, and for U = ⊔Ui, the restriction f |M \U is a submersion.
In view of the regularized differentials of wrinkles, every wrinkled map f is covered
by a regularized differential R(df) of f .
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Theorem 15.2 (Eliashberg-Mishachev [11]). Given a surjective homomorphism
F : TM → TQ covering a continuous map f : M → Q, there is a homotopy of f
to a wrinkled map such that R(df) is homotopic to F .
A wrinkled map f into a manifold of dimension > 1 is not a fold map, but it is
easy to see that there is a homotopy of f to such a map f˜ . Furthermore, the map
f˜ can be chosen so that the normal bundle of the singular set of f˜ in the source
manifold is trivial. In fact, the map f˜ can be chosen so that it admits a structure
of a marked fold map.
16. The space Ω∞hV
In this section we recall the definition of the space Ω∞hV. Our definition is
different from but equivalent to that given in [23].
Let ξn : En → BSOn denote the universal orientable vector bundle of dimension
n. Then
πn : Sur(ε
n+d, En) −→ BSOn
is a vector bundle over BSOn whose fiber over a point b ∈ BSOn is a vector space
of surjective homomorphisms of Rn+d onto the fiber En|b of ξ over b. Let Thπ
∗
nξn
denote the Thom space of π∗ξn. Then the space Ω
∞hV is defined to be the colimit
of spaces
Ω∞hV : = colim
n→∞
Ωn+dThπ∗nξn,
where the colimit is taken with respect to the obvious inclusions
Ωn+dThπ∗nξn −→ Ω
n+dΩS Thπ∗nξn −→ Ω
n+d+1Thπ∗n+1ξn+1.
Example 16.1. If d = 0, then the space Sur(εn+d, En) is the space of n frames in
En. Consequently, the space
colim
n→∞
Sur(εn, En)
is contractible. Clearly Ω∞hV ≈ Ω∞S∞ in this case.
The space Ω∞hV plays an important role in the study of characteristic classes
of manifold bundles. It is the classifying space for the cobordism group of stable
formal submersions, i.e., the cobordism group of sections
Hom(TM ⊕ ε, TN ⊕ ε) −→M,
where ε is a trivial line bundle over an arbitrary space and TX denotes the tangent
bundle of a smooth manifold X.
Remark 16.2. A formal solution of a differential relation R ⊂ Jk(M,N) is defined
to be a section of the k-jet bundle Jk(M,N) −→M with image in R. A genuine
solution of R is a smooth map f : M → N whose k-jet extension jkf is a formal
solution of R. The homotopy principle, or h-principle, asserts that the space
of formal solutions of R is weakly homotopy equivalent to the space of genuine
solutions of R.
In [25] we introduce the notion of a stable formal solution of a differential rela-
tion R with sufficiently many symmetries and formulated a (co)bordism version of
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the h-principle, or b-principle. The cobordism version of the k-jet extension map,
transforms a formal solution to N into a continuous map N 7→ Ω∞BR into an ap-
propriate infinite loop space. Under mild conditions2 on the differential relation,
we showed that cobordism groups of stable formal solutions into N are isomorphic
to homotopy classes of maps [N,Ω∞BR] of N .
In the case of submersions the infinite loop space Ω∞BR coincides with Ω
∞hV.
Let us recall the construction that associates to a submersion onto N a contin-
uous map N → Ω∞hV. Let f :M → N be a submersion and df : TM → TN the
differential of f . For sufficiently big positive integer t, there is an embedding i of
M into St. We will denote the normal bundle of i by ν(M). Then
df ⊕ id : TM ⊕ ν(M) −→ f∗TN ⊕ ν(M)
is a surjective homomorphism of fiber bundles. We observe that TM ⊕ ν(M) is
canonically isomorphic to a trivial vector bundle over M , while f∗TN ⊕ ν(M)
is isomorphic to the normal bundle ν of the embedding i × f : M → St × N .
Consequently, a map M → BSOn classifying ν lifts to a map M → Sur(ε
n+d, En).
Now the Pontrjagin-Thom construction yields a map N → Ω∞hV.
Remark 16.3. For each manifold Mα, there is a canonical inclusion
iα : BDiffMα −→ H(d).
On the other hand, the Pontrjagin-Thom construction yields maps
jβ : BDiffMβ −→ Ω
∞hV,
one for each oriented closed manifold Mβ. We note that in general the maps jβ
do not extend to a map H(d) → Ω∞hV. For example, suppose that d = 2. Then
the Pontrjagin-Thom construction maps BDiff S2 and BDiff T 2 to two different
components in Ω∞hV since the Euler characteristics of S2 and T 2 are different
(e.g., see [12, page 766]). On the other hand the space H(2) is connected.
17. Tautological classes
Each class c in H∗(Ω∞hV) determines a so called tautological characteristic
class of manifold bundles, also denoted by c. Namely, the class c associates to a
manifold bundle ξ over N a cohomology class c(ξ) given by the pullback of c with
respect to the continuous map
N −→ Ω∞hV
associated with ξ (see section 16).
The class c(ξ) can be computed using the Pontrjagin-Thom construction. To
simplify the description let us assume that c corresponds to an additive generator
P of a cohomology group of BSOd. Let ξ :M → N be a smooth manifold bundle.
It determines a so called vertical tangent bundle η of the manifold bundle which is
a subbundle of TM of planes tangent to the fibers of f . Then P (η) is a cohomology
2This conditions are not satisfied for submersions.
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class in M . The Pontrjagin-Thom construction applied to the map ξ : M → N
yields a map
(16) St+d ∧N+ −→ Th(ν).
where ν is the normal bundle of M in St+d ∧N+ and Th(ν) is the Thom space of
ν. The composition
H∗(M) −→ H∗+t(Th(ν)) −→ H∗+t(St+d ∧N+) −→ H
∗−d(N)
of the Thom isomorphism, the homomorphism induced by the map (16), and again
the Thom isomorphism takes the class P (η) onto the desired class c(ξ).
18. Stable characteristic classes
We recall that the space ⊔BDiffM is weakly homotopy equivalent to the CW
complex T0 and therefore the map
T0 −→ ⊔BDiffM
induces an isomorphism of cohomology groups. In particular we may identify
characteristic classes of oriented manifold bundles with cohomology classes of T0.
The path components of T0 are indexed over diffeomorphism types of oriented
closed manifolds M of dimension d. Over the component T0(M) associated with
M there is a manifold bundle πM : W(M) → T0(M) with fiber M . We recall
that the fiber My over each point y in T0(M) is embedded into S
∞. Let
ϕ : T0 −→ Ω
∞hV.
be the map given by the Pontrjagin-Thom construction applied to the disjoint
union of manifold bundles πM . In terms of section 16 the map ϕ is associated
with the disjoint union of maps
W(M) −→ Sur(ε∞+d, E∞)
that takes a point x ∈ My, with y = πM(x), to the surjective homomorphism
given by the Whitney sum of the identity homomorphism idRd and the projection
of TxS
∞ = ε∞ to the normal plane of My in S
∞ at x.
From the definition of the homotopy colimit H(d) it follows that the path com-
ponents of H(d) are in bijective correspondence with cobordism classes of oriented
closed manifolds of dimension d. Furthermore any two path components of H(d)
are weakly homotopy equivalent. Consequently the ring of stable characteristic
classes is given by the product of rings Rα indexed by cobordism classes α of
oriented closed manifolds of dimension d; for each α, the term Rα is the ring of
stable characteristic classes of oriented manifold bundles whose fibers are in the
cobordism class α.
Let Ω∞0 hV denote the path component of loops in Ω
∞hV homotopic to the
trivial loop. All path components of Ω∞hV are homotopy equivalent, and there
is a projection
ψ : Ω∞hV −→ Ω∞0 hV
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whose restriction to each component is a homotopy equivalence. It is easily verified
that the pullback ϕ∗(ψ∗c) of any class c in H∗(Ω∞0 hV) is a characteristic class.
Theorem 18.1. Suppose that d is even. Then each stable characteristic class in
Rα is of the form ϕ
∗(ψ∗c) for some class c in H∗(Ω∞0 hV).
Proof. A manifold bundle f : W → N over a closed oriented path connected
manifold N of dimension n with fiber an oriented closed manifold M of dimension
d is classified by a map N → BDiffM , whose composition with the inclusion
BDiffM →֒ H(d) is a map
τ(f) : N −→ H(d).
In particular, each manifold bundle f determines a cobordism class [τ(f)] in
Ωn(H(d)). There is an isomorphism of groups
(17) Ωn(H(d)) ⊗ k ∼=
∑
p+q=n
Hp(H(d); Ωq ⊗ k),
where Ωq is the q-th cobordism group of a point [6]. We say that a manifold bundle
f is prime if the element [τ(f)] is taken by the isomorphism (17) onto an element
with only one non-trivial component in Hn(H(d);k). We note that each element
in Hn(H(d);k) is the image under the isomorphism (17) of an element [τ(f)] for
some prime manifold bundle f .
Lemma 18.2. Let c be a stable characteristic class of degree n in Rα. If fi :
Wi → Ni, with i = 0, 1, are two prime manifold bundles, whose fibers are in
the cobordism class of α, over closed oriented path connected manifolds Ni of
dimension n such that ϕ∗([f0]) and ϕ∗([f1]) are the same in the group Hn(Ω
∞hV),
then c(f0) = c(f1).
Proof. There is a commutative diagram of homomorphisms of groups
Ωn(T0)⊗ k
ϕ∗
−−−−→ Ωn(Ω
∞hV)⊗ ky y∑
p+q=nHp(T0; Ωq ⊗ k) −−−−→
∑
p+q=nHp(Ω
∞hV; Ωq ⊗ k)y y
Hn(T0)
ϕ∗
−−−−→ Hn(Ω
∞hV),
where the lower vertical homomorphisms are projections onto the n-th factors.
From the top half of the diagram it follows that each of the cobordism classes
ϕ∗([f0]) and ϕ∗([f1]) maps to an element in
∑
p+q=nHp(Ω
∞hV; Ωq⊗k) with only
one non-trivial component and that component is in Hn(Ω
∞hV). Consequently,
ϕ∗([f0]) = ϕ∗([f1]) in Ωn(Ω
∞hV)⊗ k.
Thus, without loss of generality, we may assume that there is a map f : W →
N × [0, 1] with ∂W =W0 ⊔ −W1 and ∂N = N0 ⊔ −N1 which restricts to
f0 :W0 → N0 × {0} and f1 : W1 → N1 × {1}
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and such that there is an epimorphism TW ⊕ ε → TN ⊕ ε, where ε is a trivial
line bundle, covering f that restricts to df0⊕ idε and df1⊕ idε over the boundary.
Then, by the Eliashberg-Mishachev Theorem, the map f × idS1 is homotopic to a
wrinkled map
g :W × S1 −→ N × S1
under homotopy which is trivial near the boundary. Furthermore the map g is
homotopic to a marked fold map g˜ under homotopy trivial near the boundary.
Let pt be a point in S1. We may modify g by a homotopy so that the pull back
of g with respect to the inclusion
N
=
−→ N × {pt}
⊂
−→ N × S1
is a marked fold map which restricts to families f0 and f1 over the boundary ∂N .
Hence c(f0) = c(f1). 
The finite dimensional vector space Hn(Ω
∞hV) decomposes into the sum of
two vector subspaces
Hn(Ω
∞hV)
∼=
−→ Im(ϕ∗)⊕ Coker(ϕ∗).
By Lemma 18.2 there is a class c˜ ∈ Hom(H∗(Ω
∞hV),k) defined trivially on
Coker(ϕ∗) such that it is compatible with c˜ on Im(ϕ∗). 
19. Geometric interpretation of stability conditions of low order
In this section we give a geometric interpretation of stability and strong stability
conditions of low order. To begin with, let us consider the case d = 2, where the
stability of characteristic classes has been studied in relation to moduli spaces of
Riemann surfaces and the standard Mumford conjecture in particular.
19.1. Stability condition of order 1. Let ξg be a surface bundle over a space X.
Suppose that ξg admits a pair of disjoint sections s0 and s1. Then each fiber F of
ξg is penetrated by s0 and s1 at two points, say p and q. If tubular neighborhoods
of s0(X) and s1(X) are trivial disc bundles over X with a fixed trivialization on
each, then we can attach a 1-handle to each fiber F along p and q in a consistent
obvious way to obtain a new manifold bundle ξg+1 over X, which is a 1-handle
stabilization of ξg in the sense that if the fiber of ξg is a surface Fg of genus g,
then the fiber of ξg+1 is a surface Fg+1 of genus g + 1. A 0-handle stabilization of
ξg is defined to be the fiberwise disjoint union ξg+0 of ξg and the trivial S
q-bundle
over X. The mentioned stability condition of order 1 on a characteristic class c of
surface bundles means that
c(ξg) = c(ξg+1) = c(ξg+0),
i.e., c does not change under stabilizations of surface bundles.
If dimension d is higher than 2, then we need to consider stabilizations of fiber
bundles by attaching to each fiber a handle of higher index i as well. Namely, let
ξα be a manifold bundle over a space X with fiber given by an oriented manifold
Mα of dimension d. Suppose that in each fiber F there is an embedded sphere S
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of dimension i− 1 with embeddings chosen in consistent way so that the spheres
form a manifold bundle E → X whose structure group reduces to the orthogonal
group Oi. Suppose that each embedded sphere S has a trivial normal bundle in
the fiber F with a fixed trivialization smoothly depending on the fiber F . Then
we can attach a handle of index i to each fiber F along S in a consistent obvious
way to form a manifold bundle ξβ with fiber given by a manifold Mβ . We say that
the fiber bundle ξβ is a stabilization of ξα.
Definition 19.1. A characteristic class c of manifold bundles is stable of order 1 if
for any manifold bundle ξα of dimension d and any stabilization ξβ of ξα, there is
an equality of cohomology classes c(ξα) = c(ξβ).
The classes RW2k in Example 2.8 are non-trivial, but stably trivial in the sense
that RW2k(ξ) = 0 for almost all surface bundles ξ. As we will see this implies
that the classes RW2k violate a higher stability condition.
19.2. Stability condition of order 2. We recall that a stable characteristic class
of order 0 can be associated with a cohomology class in H∗(H0). Such a class is
of order 1 if it extends to a class in H∗(H1). The space H1 = H1(d) has many new
cycles that are not present in H0(d). The simplest ones can be described as follows.
Let Si and Sj be two disjoint spheres embedded into a closed oriented manifoldM0
with trivialized normal bundles. Let Ui and Uj be disjoint neighborhoods of S
i and
Sj respectively. Then attaching handles Hi and Hj along S
i and Sj respectively
results in three new manifolds; namely Mi and Mj obtained by attaching handles
Hi and Hj respectively and a manifold Mij obtained by attaching both Hi and
Hj . Now the diagram
BDiffM0 ←−−−− BDiffM0 \ Ui −−−−→ BDiffMix x
BDiffM0 \ Uj BDiffMi \ Ujy y
BDiffMj ←−−−− BDiffMj \ Ui −−−−→ BDiffMij .
reveals many simple cycles in H1, which we call special of order 2. Such a cycle
is the image of the fundamental class of N × S1, where N is a closed oriented
manifold, under the map that takes points of each copy {pt} × S1 consecutively
to
BDiffM0, BDiffMi, BDiffMij , BDiffMj
and finally to BDiffM0.
Since special cycles of order 2 are not present in H0 it is reasonable to require
that each characteristic class with compatible components cM ∈ H
∗(BDiffM) has
an extension c in H∗(H1) such that c evaluates trivially on special cycles of order
2.
Proposition 19.2. A stable characteristic class of order 1 is stable of order 2 if
it has an extension in H∗(H1) trivial on all special cycles of order 2.
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To construct a space for stable classes of order 2, we attach new strata to H1
along the special cycles of order 2. This however creates new special cycles in H2,
the ones of order 3. The order of stability can be determined by induction. This
is the purpose of our next section.
20. Criteria for stability conditions
A characteristic class c associates to each manifold bundle ξ a cohomology class
c(ξ). Our purpose is to find a condition on c which is necessary and sufficient for
c to be stable. We will establish Theorem 20.5.
Definition 20.1. We say that two marked fold maps ξ0 and ξ2 to a manifold Q are
concordant if there is a marked fold map ξ to Q × [0, 1] such that ξ|Q × {i} = ξi
for i = 0, 1.
Let ψM : M → X and ψN : N → X be two fiber bundles over a CW complex
X such that for each point x ∈ X, the fibers Mx and Nx of respectively ψM and
ψN over x are smooth manifolds. A map f :M → N is said to be a map over X,
if the diagram
M
f //
ψM
  B
BB
BB
BB
B N
ψN
~~}}
}}
}}
}}
X
commutes. Suppose that for each cell e : D → X with center x ∈ D there are
fiberwise diffeomorphisms
Mx ×D −→M
and
Nx ×D −→ N
over D such that
Mx × {x} −→Mx and Nx × {x} −→ Nx
are identity maps and the diagram
Mx ×D −−−−→ M
fx×idD
y y
Nx ×D −−−−→ N
over D commutes. Then the map f is said to be a marked fold map over X if each
fx := f |f
−1(x) is a marked fold map.
Definition 20.2. We say that two marked fold maps ξi :Mi → N over a space X,
with i = 0, 1, are concordant, if there is a marked fold map ξ :M → N× [0, 1] over
X of an oriented compact manifold M with boundary ∂M ≡ M0 ⊔ (−M1) such
that ξ−1(N × {i}) =Mi and ξ|Mi :Mi → N × {i} coincides with ξi for i = 0, 1.
To formulate a criteria for a stable characteristic class of order k − 1 to be of
order k we need the notion of a special family.
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Definition 20.3 (Special family). Let k be a positive integer and X a CW complex.
Let g : W → Dk be an elementary k-bordism and ψ a kernel of (W, g). By
Lemma 8.3 it is associated with a manifold M and an equivalence class [w] of
parametrizations of ∂M . We recall that Dk ×M is canonically embedded into
W so that the restriction of g to Dk ×M is a trivial fiber bundle with projection
onto the first component. Let idDk denote the trivial diffeomorphism of D
k. Then
there is an inclusion
G : = Diff(M,w) −→ Diff(Dk ×M),
g 7→ idDk × g,
which defines an action of G on Dk ×M and, furthermore, on W by a trivial
extension. We note that the obtained action of G on W commutes with the map
g. Let EG → X be an arbitrary principle G-bundle over X. Then EG ×G W is
the total space of a family η
EG×GW //
%%J
JJ
JJ
JJ
JJ
J D
k ×X
{{vv
vv
vv
vv
v
X
over X of elementary k-bordisms. A special family of order k is defined to be a
family of the form
Xk
η|Xk //
  A
AA
AA
AA
A ∂D
k ×X
zzuu
uu
uu
uu
u
X
where Xk stands for η
−1(∂Dk ×X).
Example 20.4. Let f : W → X be a marked fold map into a closed oriented
manifold X. Let Σk denote the set of those parameters x ∈ X for which the
fiber f−1(x) has precisely k singular points. Suppose that non of the fibers of
f has more than k singular points. Then Σk is a closed oriented submanifold
of X. Furthermore the restriction of the family f to the boundary of a tubular
neighborhood of Σk in X is a special family of order k.
Theorem 20.5. Let c be a characteristic class of oriented manifold bundles of
dimension d. If c is stable of order k+1 and c is trivial on special cycles of order
k, then c is stable of order k + 1.
Example 20.6. In the case where k = 1 and N is an oriented closed manifold, a
special family parametrized by N × S0 is given by two manifold bundles over N
and −N such that one is a stabilization of the other. Here −N stands for the
manifold N with orientation different from the fixed one. Similarly it is easily
verified that in the case d = 2, Theorem 20.5 reduces to Proposition 19.2.
Proof of Theorem 20.5. Let c be a characteristic class which is stable of order k.
Then c can be identified with a cohomology class in Hn(Tk) for some n.
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Remark 20.7. This identification is not unique. The difference between two choices
is a phantom class. However, for our argument the choice of a class in Hn(Tk) is
not essential.
Suppose that c is trivial on special cycles of order k + 1. Let us show that it is
stable of order k+1, i.e., the class c lifts to a cohomology class in Hn(Tk+1) with
respect to the exact sequence
Hn(Tk+1) −→ H
n(Tk)
∂k
−→ Hn(Tk+1,Tk).
We may regard c to be a an additive k-valued function on Hn(Tk). Thus in
order to show that c is of order k + 1, we need to show that it extends to an
additive k-valued function on Hn(Tk+1) with respect to the homomorphism of
vector spaces
i∗ : Hn(Tk) −→ Hn(Tk+1)
induced by the inclusion i : Tk ⊂ Tk+1. To this end, it suffices to show that c it
trivial on the kernel of i∗.
Suppose that c is not trivial on the kernel of i∗, i.e., there is a homology class
x ∈ Hn(Tk) such that i∗(x) = 0, but c(x) 6= 0.
Let us recall an isomorphism
(18) Ωn(Tk)⊗ k
∼=
−→
∑
p+q=n
Hp(Tk; Ωq ⊗ k)
where Ωn(Ti) stands for the oriented n-th bordism group of Ti, while Ωq stands
for the q-th oriented bordism group of a point. Let [α] ∈ Ωn(Ti) ⊗ k be the
element taken by the isomorphism (18) to the class x˜ whose first n components
are zero and whose last component is x ∈ Hn(Tk; Ω0 ⊗ k). We observe that the
homomorphism ∑
p+q=n
Hp(Tk; Ωq ⊗ k) −→
∑
p+q=n
Hp(Tk+1; Ωq ⊗ k)
induced by the inclusion Tk → Tk+1 takes x˜ to zero. Hence i∗ takes [α] to zero
in Ωn(Tk+1)⊗ k.
Let α be a map to Tk ⊂ Tk+1 representing [α] ∈ Ωn(Tk) ⊗ k. Then there is
a bordism A : M → Tk+1 of α to zero. Furthermore, we may assume that A is
transversal to Tk+1 \ Tk. Then the set Σ: = A
−1(Tk+1 \ Tk) is an embedded
oriented closed submanifold in M with trivial normal bundle. Furthermore, the
restriction of A to the boundary ∂U of a closed tubular neighborhood U of Σ is
a map into Tk corresponding to a special family of order k + 1. Hence, by the
hypothesis of Theorem 20.5,
〈 c, [A|∂U ] 〉 = 0,
where [A|∂U ] is the image in Hn(Tk) of (A|∂U)∗ of the orientation class [∂U ].
Consequently, the value
(19) 〈 c, [A|∂(M \ Int(U))] 〉
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is the same as 〈c, [α]〉 6= 0, where Int(U) stands for the interior of U . On the other
hand, the map A|M \ Int(U) is a bordism of A|∂(M \ Int(U)) to zero in Tk, and
therefore
[A|∂(M \ Int(U))] = 0
in Ωn(Tk), which implies that the value of the expression (19) is zero. Thus the
class [α], and therefore x, does not exist.

21. Madsen-Weiss homotopy colimit decompositions
Homotopy colimits closely related to H(d) are studied in the paper [23] by
Madsen and Weiss. The authors introduce sheaves W andWloc of genuine objects
and sheaves hW and hWloc of their respective homotopy theoretic counterparts.
Homotopy theoretic counterparts are simpler and can be studied using homotopy
theory. The study of sheaves of genuine objects is more technically demanding
and rests on homotopy colimit decompositions
|W| = hocolim
T
|WT |
and
|Wloc| = hocolim
T
|Wloc,T |.
These are obtained in [23, Chapter 5] using sheaf theoretic technique which is
developed in the paper. In the case d = 2, Madsen and Weiss substitute the
classifying spaces |hW| and |hWloc| for the two homotopy colimits in the fibration
(20) Z× BDiff F+∞ −→ hocolim
T
|WT | −→ hocolim
T
|Wloc,T |
and thus determine the homotopy type of Z × BDiff F+∞, which is the content of
the generalized Mumford Conjecture.
Our approach can be regarded to be a geometric version of Madsen-Weiss ap-
proach to sheaves of genuine objects. In fact, in the notation of Madsen and Weiss,
our space H(d) is defined to be the colimit
(21) H(d) : = hocolim
T
(|WT | → |Wloc,T |)
of fibers of |WT | → |Wloc,T |. Of course the operations of taking fibers and homo-
topy colimits do not commute. Because of that the fiber of homotopy colimits in
(20) is not quite the same as the homotopy colimit of fibers in (21).
Remark 21.1. The existence part of Theorem 2.3 can be deduced from the ex-
istence of the homotopy colimit of fibers in (21); our construction however is
somewhat more explicit. The uniqueness part of Theorem 2.3 does not readily
follow from the results in [23].
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22. Final remark
Similarly stable stable characteristic classes can be defined for non-oriented
manifold bundles. The assumption on the coefficients of cohomology groups can
also be lifted.
Example 22.1. The orientation class of non-oriented manifold bundles is a stable
characteristic class with coefficients in Z2. To a non-oriented manifold bundle ξ
over a base space X, the orientation class associates a cohomology class c(ξ) in
H1(X;Z2) defined so that for a homology class in H1(X,Z2) represented by a
closed connected loop l : S1 → X, the value of c(ξ) on [l] is non-trivial if and only
if the manifold bundle pulled back to S1 by means of l is non-orientable.
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